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Abstract 

We derive some consistency conditions for fivebrane in M theory on R^/Z2 
orbifold from the quantization law for the antisymmetric tensor field. We con- 
struct consistent fivebrane configurations in R^/Z2 type orbifold that exhibit 
the correct low energy dynamics of = 2 SQCD in four dimensions with 
symplectic and orthogonal gauge groups. This leads us to propose the M the- 
ory realization of orientifold four-planes of various types, and we study their 
properties by applying the consistency conditions. 



1 Introduction 



The Dirac quatization of electric and magnetic charges is a strict and powerful con- 
dition for the consistency of a theory. In M theory, membrane and fivebrane are the 
electrically and magnetically charged objects with respect to the three-form gauge po- 
tential C. The Dirac quantization condition for these objects takes the form of flux 
quantization condition [1] for the four-form field strength G: 



where S is a, four-cycle and W4 is the fourth Stiefel Whitney class of the eleven-dimensional 
space-time. This has a direct consequence in M theory on R^/Z2 orbifold [1]. For a four- 
cycle surrounding the origin of R^/Z2 the right hand side of (1.1) is one mod 2, and 
therefore, the flux of G/27r through the four-sphere surrounding the Z2 fixed plane in 
the double cover must always be odd. This is consistent with the result [2, 3] that the Z2 
fixed plane itself carries the fivebrane charge —1. Moreover, the condition implies that it is 
inconsistent to have odd number of fivcbrancs on top of the Z2 fixed plane. In this paper, 
we derive from the quantization condition (1.1) more general consistency conditions for 
configuration of the fivebrane in M theory on orbifold of R^/Z2 type. 

Lately, low energy dynamics of supersymmetric gauge theories in various dimensions 
have been studied by realizing them on the worldvolume of branes and using string duality 
(see [4] and references therein). In particular, theories in four-dimensions can be realized 
on certain configurations of branes in Type IIA string theory and some of the features 
that are independent of the string coupling constant can be effectively studied by lifting 
them to configurations of M theory fivebrane. When the characteristic length of the 
fivrbrane and the space-time is larger than the eleven-dimensional Planck length, the low 
energy supergravity approximation of M theory can be used reliably. In some important 
cases, however, the configuration is in a space-time that has orbifold singularity of R^/Z2 
type, and the description based on the supergravity approximation breaks down when 
the fivebrane becomes close to the singular points. This is in particular the case when 
the gauge symmetry in four dimensions is the symplectic or orthogonal group which is 
realized by introducing orientifold four-plane in Type IIA string theory. ^ This work is 
motivated by the need to have a control over the behaviour of the fivebrane in such a 

^An alternative way to realize these groups is to use orientifold six-plane. The one that leads to 
orthogonal flavor group can be realized as M theory on a smooth geometry [5, 6], and therefore it can be 
used reliably to study symplectic gauge theories [7]. Attempts to study orthogonal gauge theories in a 
similar way suffer from a mysterious inherent singularity (see for example [8,9]). 
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singular background. 

The orientifold four-planes of various types, especially their M theory realization and 
the behaviour upon intersection with other branes, have not been well understood. There- 
fore, we did not actually know the precise Type llA configuration that realize the sym- 
plectic or orthogonal gauge theory,^ let alone the lift to M theory. In such a situation, 
reversing the direction of the logic, we may first find a fivebrane configuration in M the- 
ory that have the correct low energy properties of the gauge theory and then take the 
weak string coupling limit to know about the orientifold four-plane and the relevant Type 
IIA configuration. This program did not make sense in the past, since we had no control 
over the fivebrane in a singular background. However, once we know a criterion for con- 
sistent configurations, this program will eventually lead to the M theory realization of 
orientifold four-planes and to an understanding of their properties. This will be the goal 
of this paper. 

There were several proposals [12-14] for fivebrane configurations in R^/Z2 orbifold 
that correspond to theories with symplectic or orthogonal groups, but extra assumptions 
about the behaviour of branes near the Z2 fixed plane were required in order to have 
a consistent result with the ordinary field theory. In [14], it was noticed that the basic 
assumption that has to be made (at least in the case of symplectic gauge group) is that a 
certain intersection of the fivebrane and the Z2 fixed plane — which we call ^-configuration 
— breaks supersymmetry: Only from this, one can derive most of the essential features of 
theories with symplectic gauge group, such as the Seiberg-Witten curve of = 2 theories 
[15,16] (as was first observed in [12]), quantum modified constraint in A" = 1 SQCD 
[17,18], and dynamical supersymmetry breaking of the models of [19,20]. In section 
2, we examine a ^-configuration and show that it does not satisfy the flux quantization 
condition (1.1). Namely, we show that a ^-conflguration is not only non-supersymmetric 
but is actually inconsistent. We also derive more general consistency conditions. 

In section 3, we see the implication of the consistency conditions in string theory, by 
considering a t-conflguration and its cousins in a toroidally compactifled space-time. We 
will see that some of them are related to known or conjectured consistency conditions in 
string theory. 

In [14], fivebrane configuration in the presence of sixbranes was studied, and an ad- 
ditional assumption generalizing the basic assumption mentioned above was proposed in 
order to have the correct dimension of the Higgs branch of symplectic gauge theory. In 
section 4, we point out that the brane configuration constructed in [14] has an incon- 

^See [10, 11,4] for some proposals. (We will find that these are incorrect in the detail.) 
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sostent part, and show that there is no need to assume anything once we modify the 
brane configuration appropriately. The fiux quantization condition is sufficient to select 
consistent configurations and we obtain results in agreement with field theory. 

In section 5 we construct and analyze the brane configuration corresponding to = 2 
theories with orthogonal gauge groups. Using the consistency conditions derived in section 
2, we show that the configuration we will find reproduces the results of field theory. 
In the course of construction, we will discover new M theory realization of oricntifold 
four-planes. We also encounter a phenomenon where fivebranes are created when two 
coincident sixbranes are separated while intersecting with the orientifold four-plane. 

In section 6, the M theory realization of orientifold four-planes is examined in more 
detail. We show that orientifold four-plane of S'0(even)-typc has trivial RR gauge field 
whereas S'0(odd)-type has non-trivial RR holonomy. We also show that there arc two 
orientifold four-planes of S'p-type — one with trivial RR U{1) gauge field and one with 
non-trivial holonomy. We discuss the possibility of a global term in the CS coupling in the 
D-brane effective action (coupling of the RR potentials and gauge field on the D-brane) 
such that the two constructions of S'p-type 04-plane correspond to the two choices of Z2 
valued theta angle of five-dimensional symplectic gauge theory in 4 -|- 1 dimensions. 

In section 7, as an application of the consistency conditions and the M theory real- 
ization of orientifold four-planes, we study the properties of orientifold four-planes inter- 
secting with D6-branes and/or NS5-branes. In particular, we derive the brane creation 
rule and the s-rule in the presence of orientifold four-plane. 

In this paper, we usually count the number of fivebranes of M theory on Z2 orbifold 
(or branes in Type II orientifold) in the double cover of the Z2 quotient, unless otherwise 
stated. 

2 Fivebrane in RVZ2 Orbifold 

In this section, we derive the consistency condition for the fivebrane in R^/Z2 orbifold 
using the flux quantization condition (1.1). 

We consider the eleven-dimensional space-time X which is the Z2 quotient of an ori- 
entable manifold X, where the action of the generator 7 of Z2 is orientation reversing 
and has the R^/Z2 type flxed points. Namely, X has a six-dimensional submanifold of Z2 
flxed points (which we shall call "Z2-flxed plane" even when it is curved) along which 7 
acts as the sign flip of the flve transverse coordinates. We shall usually coordinatize the 
Z2-flxed plane by 3;°'^'^'^'^'^° and denote the transverse coordinates by x^'^'^'^'^. X must 
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be a pin-manifold in order for M theory to be formulated on it, and therefore its double 
cover X must have a spin-structure. 

Since the Z2 action flips the orientation of X, the field strength G on X fiips its sign 
under the Z2 action, and the orbifolding is possible only when ^i*G = —G. Then, G 
does not define an ordinary four-form in the quotient space X = X /Z2, but rather, a 
four-form with values in the orientation bundle ox of X, the real determinant line bundle 
of the tangent bundle of X. {ox has a transition function with values in ±1 and therefore 
is reducible to a Z-bundle). Even in such a case, the flux of G through a submanifold 
can be defined as a real number when the double cover of the submanifold is oriented 
in a particular way. Let S he a Z2-invariant four-dimensional submanifold of X with an 
orientation that is flipped under the Z2 action. Then, the flux of G/27r through its Z2 
quotient, S C X, is deflned as half of the flux through S, Jg ^ := ^ J-^-^. Of course, the 
integral of W4{X) over S is deflned only as a mod 2 integer (an element of Z/2Z), and the 
condition (1.1) should be understood as saying that 2 JgG/27r is an integer and its mod 
2 parity agrees with JgW4{X)} 

For instance, let us consider M theory on x R^/Z2. Suppose there are a pair of 
fivebranes in X = R^'' parallel to but separate from the Z2-fixed plane which are mirror 
images of each other. We pick one four-sphere S^-^^ surrounding one of them together 
with its mirror image 5^2)) give each of them the orientation that is induced from 
the orientation of R^. Put S — S'^-^^^ U S^2)- Then, the orientation of S is fliped by Z2 
since the orientation of S^^-^ and S^2) chose so that 7*[>S'(\-)] = — [^p)]- Then, the flux 
through the quotient S is given by fgG/27r = |(/54 ^ -|- Jgi ^) = ^ = 1, as in the 
usual case where there is a single flvebrane in an orientable space-time. On the other 
hand, the tangent bundle of the space-time is topologically trivial around the four-sphere 
surrounding the flvebrane, and thus = mod 2. Therefore, the flux quantization 

condition (1.1) is satisfled. 

This argument apphes to the case of general X and we can show that there is no 
obstruction from the flux quantization condition to having a pair of flvebranes as far as 
they are separated from the Z2 flxed plane. 

^More formally, the condition (1.1) first of all implies that G/w belongs to a fourth cohomology class 
[G/w] with values in the twisted integer coefficient Z° (namely an element in H'^{X,Z'^)) where the 
twisting is determined by the orientation bundle ox- For such a class, the integral over an arbitrary not 
necessarily oriented submanifold of X can be defined as a mod 2 integer. The condition (1.1) states that 
it is the same as the integral of W4,{X). In other words, the mod 2 reduction of [G/tt] G H'^{X, TP) is 
equal to w^{X) e B^(X, Z/2Z). 
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2.1 Fivebranes on Top of the Z2 Fixed Plane 



This subsection is a review of section 2.3 of the paper [1]. We consider M theory on 
X 'RP/Z2. Since the supergravity approximation may not be valid near the singularity 

at the Z2 fixed plane, we delete a neighborhood of the origin of R^/Z2 and denote the 

resulting space by R^/Z2. 

We take a four-cycle -S" in R^/Z2 surrounding the (deleted) Z2 fixed plane. To be 
specific, we take a large four-sphere S'^ surrounding the origin of R^ and give it a natural 
orientation. S"^ is Z2 invariant and its orientation is reversed under 7. Thus, the flux 
of G/27r through the quotient S — S'^ jTi^ is defined as half of the flux through S'^. The 
quotient S^/7i2 is isomorphic to the real projective space RP^ and the mod 2 homology 
class of S is the image of the mod 2 fundamental class of RP^. The tangent bundle of 
R^/Z2 restricted to S is the direct sum of five copies of an unorientable real line bundle 
m whose first Stielfel Whitney class generates the cohomology ring over Z2 of RP^. Since 
the total Stiefel Whitney class is {l-\-wi{m)Y' — l-\-wi{m) -\-wi{mY (see the forthcoming 
footnote), the integral of on S is equal to one mod 2. Therefore the flux quantization 
condition (1.1) requires 



This means that the flux of Gj^-n through a four-sphere surrounding the Z2 fixed plane 
is odd when measured in the double cover. 

This is true even when the Z2 fixed plane is curved. We pick an arbitrary point in the 
curved Z2 fixed plane and take a normal five-plane passing through it on which the Z2 acts 
as the sign flip. Then, we can take a Z2 invariant four-sphere 5"^ in the normal five-plane. 
The result (2.1) is the same since the integral of w/^ on S^/Ti2 is purely determined by the 
restriction on <S'^/Z2 of the tangent bundle of the eleven-dimensional space-time which is 
isomorphic to the bundle over RP^ considered above. 

In [2, 3], M theory compactified on /7i2 was studied and it was concluded from local 
cancellation of gravitational anomaly that each Z2 fixed plane has the fivebrane charge — 1 
(when counted before the Z2 quotient) . Namely, for an in surrounding the Z2 fixed 
plane, we have Jg4.G/27r — —1} This is consistent with the flux quantization condition 
considered above. Furthermore, one cannot locate an odd number of fivebranes (from the 
total of 32) at any of Z2 fixed plane since cancellation of six-dimensional gravitational 
anomaly requires 16 tensor multiplets which can only be provided by freely moving 16 
pairs of fivebranes. This is also consistent with the fiux quantization condition; if an odd 

^This can also be seen via the quantum mechanics of zero-brane probes of orientifold four-plane [21]. 
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number of fivebranes were on top of the Z2 fixed plane, the flux through a four-sphere 
surrounding the fixed plane would be even, in contradiction with (2.1). 

To summarize, the Z2 fixed plane carries fivebrane charge —1 and one cannot put 
odd number of fivebranes on top of it. 

2.2 Fivebranes Intersecting with the Z2 Fixed Plane 

Now we consider fivebranes intersecting transversely with the Z2 fixed plane. Let 
us call a "^-configuration" an intersection of a single fivebrane and the Z2 fixed plane 
of the following type: the Z2 fixed plane is at x^>5,7,8,9 _ q spans the 
directions, while the fivebrane is at x^'"^'^'^'^^ — and spans the worldvolume in the 
2;0.i>2,3,4,5 dircctions. They both lie in x"^'^'^ — and span the common directions 
In the remaining directions 3;^'^'^'^°, the fivebrane spanning x'^'^ and the Z2 fixed plane 
spanning x^'^^ intersect transversely at 3;^'^'^'^° = 0. Apparently this configuration pre- 
serves eight supersymmetry generators because there are eight constant spinors with 
p0pip2p3p4p5 ^ pOpip2p3p6pio ^ ^ ^YieT:e r are the eleven-dimensional gamma ma- 
trices. In [14], it was conjectured that a ^-configuration actually breaks all of the su- 
per symmetries. In this subsection we show that it is not only non-supersymmetric but 
actually is inconsistent because it does not satisfy the fiux quantization condition of M 
theory (1.1). We also find a more general consistency condition. 

Let us temporarily consider the case where the x^ and directions are compactified 
on a torus T"^, x^ = x^ + 27ri?i x^^ = x^° + 27ri?2. We take the four-cycle S ^ T'^ x S"^ in 
— where is the torus in the directions and -S"^ is a two-sphere \x'^'^'^\ — R 
in the three-plane spanning the x^'^'^-directions (we will work always at a single point 
in the directions and this will not be mentioned in what follows). The Z2 action 

reverses the orientation of and hence the orientation of the cycle S is also fiipped. 
Thus, the fiux of G/2Tr through the Z2 quotient S ^ x RP^ is defined as half of the 
fiux though S^T^xS^. 

Let us measure the fiux of G/27r over this T"^ x S'^. For this purpose one can translate 
the cycle from x^'^ = to somewhere with x^'^ 7^ 0. The fiux does not change since the 
cycle does not pass through the locus of the fivebrane x^'^'^'^'^*^ = nor the Z2 fixed plane 
^4,5,7,8,9 _ Q because is always non-zero in the process of translation. Then, let us 

consider a circle | x^'^j = e in surrounding = 0. We deform the cycle x S'^ so that 
the two-sphere 5"^ is pinched along the circle (here we consider x 5"^ as 5'^-bundle over 
T^). Namely, we change the equation — Rio = Rf{x^'^^) where f{x^'^^) is a 

function which is zero at \x^'^^\ — e but is positive everywhere else. By this deformation. 
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obviously the flux is not changed. Then, the cycle x S"^ sphts to two components; one is 
inside the circle {x^'"^] < e and is a four-sphere surrounding the fivebrane at x^''^'^'^'^^ — 0, 
and the other is outside the circle > e and surrounds nothing — neither fivebrane 
nor the Z2 fixed plane. The flux through the former component is of course one and the 
flux through the latter is obviously zero. Thus, the flux of G/27r through x is equal 
to one, or equivalently 

2 / 1^1. (2.2) 

T2xRP2 

Therefore, the flux quantization condition (1.1) requires that the integral of W4 over 
X RP2 is half-integer. 

On the other hand, one can show that 

J = mod 2 , (2.3) 

T2xRP2 

as we will see in a more general setting shortly. This contradicts with the requirement. 
Thus, the flux quantization condition (1.1) does not hold for S — T'^ x RP^. 

Therefore we conclude that a ^-configuration is inconsistent when the Z2 fixed plane 
is compactified on a torus T^. By taking the infinite volume limit i?2 ^ 00 one can 
equally say that a i-configuration is inconsistent for an infinite Z2 fixed plane when there 
is no charge flow from inflnity. Likewise, it is not possible to have the flvebrane of odd 
charge intersecting with the Z2 flxed plane. 

If the charge of the fivcbranes is even, the condition (1.1) is satisfied for S* = x RP^. 
Actually, such a configuration arizes as a limit of a consistent configuration. Let us 
consider two sheets of the fivebrane at x^''^'^'^'^'^ = 0, remove the parts with \x'^'^\ < e 
and glue them along the boundaries at \x^'^\ = e. As mentioned at the begining of this 
section, there is no inconsistency when the fivebrane is away from the Z2 fixed plane. If 
e is taken to be as small as the eleven-dimensional Planck length in, the configuration 
looks like two fivebranes on top of each other intersecting with the Z2 fixed plane. The 
two sheets can be rotated in the x^'^'^'^'^-directions in different ways. For example, one 
sheet can be rotated to x^'^'^ = while the other remains in x'^'^'^ — 0. This kind of 
configuration can also be realized as a limit of a consistent configuration.^ Therefore, we 
conclude that it is possible to have even number of fivebranes (in arbitrary directions) 
intersecting transversely with the Z2 fixed plane at the same point. 

^If we introduce complex coordinates v = x'^ + ix^ and w = x^ + ix^, the intersecting fivebranes can be 
described by vw = 0, x^'"^'^^ = 0. This arizes as a limit of the configuration vw = e where the fivebrane 
is away from the Z2 fixed plane. 
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R^/Z2 Orbifold along a Riemann Surface 

We consider here a more general case where the Z2 fixed plane is wrapped on a curved 
two-dimensional surface. Namely, we consider M theory on x M'^/Z2 where M"^ is a 
seven-dimensional spin manifold and the Z2 action on it has fixed points along a compact 
orientable two-dimensional submanifold E C M^. In later sections where we will use the 
result of the present section, we will encounter the case where — K x'R^ where K is a, 
multi Taub-NUT space and the Z2-fixed plane is the union of some rational curves in K at 
the origin of R^. As in such a case, E can in general have several components. However, 
we will only focus on a neighborhood of a single component in the present discussion, so 
we may as well assume that E is a single smooth Riemann surface. Furthermore, we can 
approximate by the total space of the normal bundle of E in M'^ on which the Z2 
acts as the sing flip on the flbre. The rank of N is of course flve. 

Let us consider a configuration where n fivebranes intersect transversely with the Z2 
fixed plane E. Namely, we consider the fivebrane wrapped on R^ x Cj {i — 1, . . . ,n) 
where Cj are two-planes in the fibres of the normal bundle A^. Let us choose a rank three 
orientable subbundle E of the normal bundle A^ which does not pass through the two- 
planes Ci, . . . ,Cn except at their origins pi, ■ ■ ■ ,Pn- The four-cycle we choose is 5* = S{E), 
the total space of the two-sphere bundle in E. 

Let us measure the fiux of G/27r through the cycle S{E). Let N — L ® E he the 
orthogonal decomposition of the normal bundle, where L is a two-plane bundle over E. 
We shall deform the cycle S{E) away from the origin of the bundle L by using a section s 
of L. It is not in general possible to have a nowhere vanishing section. A generic section s 
has simple zeroes as many as x{L) mod 2, where x{L) — /s ^{L) is the Euler characteristic 
of the bundle L. (We note that L is orientable since M"^ and E are, and we choose one 
orientation; the other choice would lead to an opposite answer that is the same mod 2). 
Here we have called a zero point g of s a simple zero when s induces a diffeomorphism of 
a neighborhood of g in E onto a neighborhood of the origin in the fibre under a local 
trivialization of L. We choose a section s so that such zero points qj {j = 1, . . . , x{L)) are 
away from the origin pi of Cj (intersection points of Ci and E, i = 1, .... n). Let us now 
move the cycle S{E) from the origin of L to the section s(E) of L. As far as the S"^ fibres 
of S{E) are large enough, the cycle does not pass through the two-planes Ci nor of course 
the Z2 fixed plane, and hence the flux docs not change. We take a circle in E encircling 
each of the zero points qj of s and intersection points Pi with Ci, and pinch the S'^-flbres of 
the cycle along the circles as we have done in the case of flat torus. Then, the cycle splits 
to several components: There are x(^) four-sphere components surrounding the Z2 flxed 
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plane, n four-sphere components surrounding the n fivebranes, and one component that 
surrounds nothing. As we have seen in the previous subsection, a four-sphere surrounding 
the Z2 fixed plane has flux 1 mod 2. A sphere surrounding a fivebrane has of course flux 
1. Therefore, the total flux through S{E) is x(L) -|- n mod 2, or equivalently 



2 / ^ = x{L)+n mod 2. (2.4) 



G 

S{E)/7.2 



Now let us evaluate the integral of over the cycle S{E)/7a2. We consider the case 
where the sphere bundle S{E) over S is topologically trivial.^ In such a case, is 
topologically isomorphic to the product L x (we denote the total space of the bundle 
L again by L), and the cycle S{E) and its quotient SiE^jT^^ corresponds to S x S*^ in 
L X and S x RP^ in (L x R^)/Z2 where S is considered here as the zero section of L. 
Then, it is easy to see that the tangent bundle of {M'^ — T?)/7j2 restricted to S{E) /Z2 is 
isomorphic to the following bundle over E x RP^: 

r(L x R=^-E x {0})/Z2|^^^p2 = TE e (L (g) m) e m®^ (2.5) 

where m is the Mobius line bundle of RP^, an unorientable real line bundle whose Wi{m) 
generates the cohomology ring of RP^ over Z2. Using the well-known properties of the 
Stiefel- Whitney class for the sum and tensor product of bundles [22],^ we see that the 
fourth Stiefel- Whitney class of this bundle is given by W4 = W2{L)wi{m)'^ which integrates 
over S X RP^ to x(^) mod 2. Therefore, we have 



/ 



= X(L) mod 2. (2.6) 

5(E)/Z2 

In particular, in the case of flat torus considered previously, since the bundle L is trivial 
the integral is zero mod 2. 

Thus the flux quantiztion condition (1.1) is violated when the number n of fivebranes 
intersecting with the Z2 fixed plane is odd. In particular, considering n = 1 case we see 
that a ^-configuration is also inconsistent when the Z2 fixed plane is wrapped on a general 
Riemann surface S. 

This implies that a ^-configuration is inconsistent even locally. Namely, the intersection 
of the fivebrane and the Z2 fixed plane is inconsistent by itself irrespective of what happens 



^ There are only two topological types of S"^ bundles over E since 7ri(<S'0(3)) = Z2. It is interesting to 
repeat the computation in the non-trivial one. 

^The total Stiefel Whiney class satisfies © 77) = w{^)w{r]) and w{(, ® ??) = Hijll + Cj + dj) if w{^) 
and w{ri) are expressed formally as Y\^{1 + Cj) and 11^(1 + dj)- See [22]. 
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elsewhere. This may sounds not always true if we note that the configuration with even 
n satisfies the condition (1.1) for the cycle S{E) /Z2 even in the case where the fivebranes 
intersect with E at distinct points. However, when n is even, one can avoid a local t- 
configuration by cutting off a disc of each fivebrane around the intersection point and 
connecting the boundary cicles pair-wisely by tubes. These tubes cannot be detected 
by the cycle S{E) /Z2 as far as they are small enough. When this happens, at each 
"intersection point", there is a charge fiow through the tube, and it is not a local t- 
configuration. We will see another mechanism of such a charge fiow shortly. When the 
number n is odd, pair-off is impossible and a local ^-configuration is unavoidable. In any 
case, all what we have seen implies that a local ^-configuration is inconsistent. In order 
to rigorously show it, we must consider a cycle that can detect the charge fiow along the 
Z2 fixed plane (such as the fiow through thin tubes). Such a cycle must cut through 
the Z2 fixed plane. Since the Z2 fixed plane is a singularity, one cannot consider such a 
cycle within the low energy field theory framework. One thing one can do is to cut off a 
neighborhood of the Z2 fixed plane and consider a space-time with a boundary. In such 
a case, one needs to know the generalization of the condition (1.1) in the case where the 
cycle has a boundary embedded in the boundary of the space-time. Another thing one 
may do is to consider the smoothing of the Z2 fixed plane, in a way analogous to the 
smoothing of the fivebrane as done in [23] . 

The Z2 Fixed Plane Screened by a Pair of Fivebranes 

We have seen that it is inconsistent to have the fivebrane intersecting transversely 
with the Z2 fixed plane. However, the intersection is actually possible when the Z2 fixed 
plane is screened by a pair of fivebranes, namely, when there are two fivebranes on top of 
it. It can actually arize as a limit of a family of supersymmetric configurations. Let us 
introduce the complex coordinates z — + ix^'^ and v — x'^ + ix^. First, we consider the 
case where the Z2 fixed plane is non-compact in all directions (therefore 2; is a coordinate 
of the complex plane C). The Z2 acts as z ^ z, v ^ —v and x'^'^'^ — > —x"^'^'^. We 
consider a fivebrane wrapped on a Z2 invariant holomorphic curve C at x'^'^'^ — defined 

by 

zv^ = e, (2.7) 

where e is a parameter. When e is non-zero, the curve does not intersect with the Z2 fixed 
plane v = and the configuration is consistent. In the limit e — >■ 0, it degenerates to a 
curve with components; one is at z = and the other is at = with multiplicity two. 
The former yields a fivebrane intersecting transversely with the Z2 fixed plane and the 
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latter yields two fivebranes on top of the Z2 fixed plane. (Here again, e ~ £11 is enough 
for the configuration to look as described here.) 

Thus, a single fivebrane can consistently intersect with the Z2 fixed plane which is 
screened by a pair of fivebranes. Doesn't this contradict with what we have seen above 
when the Z2 fixed plane is wrapped on a compact Riemann surface S? The computation 
there shows that it is impossible to have a single fivebrane intersecting with the compact 
Z2 fixed plane S, irrespective of the state of the Z2 fixed plane. In particular, such an 
intersection is inconsistent even when a pair of fivebranes are screening the Z2 fixed plane 
E. More generally, one cannot have the fivebrane wrapped on odd number of two-planes 
Ci, . . . ,Cn {n odd) intersecting transversely with the Z2 fixed plane E, no matter whether 
or not it is screened. 

Actually this is not a contradiction. In fact, when the Z2 fixed plane is wrapped on 
a compact surface S, it is not possible to find a consistent configuration of the fivebrane 
that reduces in some limit to a configuration of odd number of fivebranes intersecting 
with the screened S. Namely we cannot find an analog of (2.7) when x^'^'^-directions are 
comactified. 

This can be seen as follows. We consider the case = L x where L is (the 
total space of) a holomorphic line bundle over the Riemann surface E. An analog of (2.7) 
would be given by the image C of the multi-section of the bundle L 



where s is a meromorphic section of L®^. Locally, trivializing L and L®^, the image 
C of (2.8) can be defined as v"^ = ef{z) where v is a complex coordinate of the fibre- 
direction of L and f{z) is the function associated to the section s{z) with respect to the 
trivialization. When the section s{z) has simple poles at pi, . . . ,p„ G E, the e — > limit 
of the curve C degenerates and consists of the component E with multiplicity two and the 
components Ci, . . . , C„ which are fibres of L at pi, . . . ,p„. Namely, in the e — > limit, 
the fivebrane wraps twice on the Z2 fixed plane E and once on each of Ci, . . . , C„ which 
intersect transversely with the Z2 fixed plane. Thus, if n is odd, this appears to contradict 
with the fiux quantization condition. However, we must recall the fact that the section 
s{z) may have zeroes. In fact by Riemann-Roch theorem, when s{z) has n poles it also 
has 2ci(L) + n zeroes. Therefore, when n is odd, there is at least one zero of odd order. 
Near such a zero, say simple zero, the section s{z) or its associated function behaves as 
f{z) ~ z, and the equation defining the curve C looks like 





(2.9) 
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Thus, before the e — > hmit, we see that the curve C intersects transversely with the Z2 
fixed plane, which is a ^-configuration. When the order of zero is higher but odd, we can 
similarly see that odd number of sheets of the fivebrane intersect with the Z2 fixed plane 
at a single point. In any case, if n is odd, the configuration was inconsistent from the 
start (i.e. before the e — > hmit). Thus, the apparent contradiction is resolved. 

If n is even in the above discussion, it is possible to find a section s of L®^ where all the 
zero points are double zeroes. Then, the configuration is consistent and the e limit 
leads to a configuration of n fivebranes intersecting with the Z2 fixed plane screened by 
a pair of fivebranes. In the particular case where L is the holomorphic cotangent bundle 
of E (this is the case where the total space L admits a Ricci-fiat Kahler metric, e.g. the 
Taub-NUT metric), this can be done without breaking supersymmetry. This is because 
the number of independent meromorphic sections with simple poles at given points is 
2ci(L) -\-n-\- [1 — g) — ?){g — l)-\-n where g is the genus of E while we only need to tune 
(2ci(L) + n)/2 = 2{g — 1) + n/2 parameters corresponding to the position of half of the 
zero points. In the case oi g — Q and n — 2, there is no such section and therefore we 
cannot obtain the configuration in this way. However, there is no obstruction to having 
such a configuration. Indeed we will need such a configuration in a later discussion, and 
the fact that it cannot be deformed to a smooth configuration as (2.8) turns out to be 
important. 

To summarize, t- configuration is inconsistent, n fivebranes intersecting with the Z2 
fixed plane at the same point is consistent if and only ifn is even. A single fivebrane (and 
any number of them) can intersect with an infinite Z2-fixed plane which is screened by a 
pair of fivebranes on top of it. When the Z2 fixed plane is compactified in the directions 
transverse to the fivebrane, odd number of fivebranes can never intersect with it even if it 
is screened by the fivebranes, but there is no obstruction for even number of fivebranes to 
intersect with it if it is screened. 

3 Compactification 

By compactifying several directions, we can derive from what we have learned in 
the previous section some consistency conditions for various intersection of branes and 
orientifold plane in string theory. As we will see, some of them are related to known or 
conjectured consistency condition. 
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Intersection of NS5-brane and Orientifold Plane 

We consider M theory on the space-time x R^/Z2 x S^. As in the previous section, 
we coordinatize the space-time by x°,. . . ,x^^ where Z2 acts as the sign flip of a:^>5,7,8,9 
x^^ is now a periodic coordinate of period 27r which we regard as the eleventh direction. 
In the small radius limit of S^, we can consider it as Type IIA orientifold on R^/Z2 where 
there is an orientifold four-plane (04-plane) at x^'^'^'^'^ = 0. Since the Z2 fixed plane 
R^ X has fivebrane charge —1, this 04-plane has D4-brane charge —1 and therefore 
can be identified with the 04-plane of S'O-type. 

Suppose we have a single NS5-brane at x^'"^'^'^ — transversely intersecting with the 
5'O-type 04-plane. This is reahzed as M theory on R^ x R^/Z2 x S'^ with a single 
fivebrane at x^'^'^'^ = and at some point in the direction. The fivebrane intersects 
transversely with the Z2 fixed point set, and therefore the configuration is inconsistent. 
Similarly, if there are several NS5-branes intersecting with the 04-plane at the same point, 
it is consistent if and only if the number of NS5-branes is even. 

In the previous section, we have shown that a single fivebrane can transversely intersect 
with the Z2 fixed plane provided there are two fivebranes on top of the Z2 fixed plane. 
This does not mean that an NS5-brane can intersect with the -SO-type 04-plane with two 
D4-branes on top of it. ^ Rather, the correct interpretation of this is the following. Note 
first that the NS5-brane divides the 04 plane to two parts — the left part x^ < and 
the right part x^ > 0. Then, the 04-plane is of Sp-type on one part while it is -SO-type 
04-plane with a pair of D4-branes on the other part. This can be seen as follows. Let 
us introduce the complex coordinates t — e~(^'^+'^^°) of the cyhnder in the directions 
and V — x"*" + ix^ of the x'^'^-plane. The configuration can be described by the equation 
v'^{t — 1) = 0. This can be deformed as 

v^{t-l)+m^ = 0, (3.1) 

(or as v'^{t — 1) = m^t which is related to the above by i — > t^^) without having a t- 
configuration. In the left infinity i — > 00, the fivebrane wraps twice on the cylinder at 
V — whereas it splits to v — m and — m on the right infinity i — > 0. Since m can be 
varied, we interpret the right part as the 5'O-type 04-plane with a pair of D4-branes. 
Since the fivebrane in the left part is fixed at = and adds the D4-brane charge +2 to 

^As another example showing that the condition in M theory does not necessarily have a direct 
translation in string theory, we point out that, even though a single M theory fivebrane cannot be on 
top of R^/Z2 fixed point, a single D4-brane can be on top of 04-plane of SO-type. In section 5 and 6, 
we will give the M theory realization of the latter configuration. 



13 



the charge —1 from the Z2 fixed plane, yielding the total charge +1, it is most natural to 
interpret the left part as 04-plane of S'p-type. 

We can get rid of the pair of D4-branes on the right part by sending m ^ 00, and wc 
obatin a configuration where an NS5-brane separates the orientifold-plane into Sp-tjpe 
04-planc and S'O-type 04-plane. This is described in M theory by the fivebrane wrapping 
the curve v'^t = 1 which can be obtained from (3.1) by taking the m — > cxd limit with 
a suitable translation in the x^-direction. We will study more about the intersection of 
NS5-brane and 04-plane in section 7. 

Compactification and T-duality on some of the a;*^'^'^'^ directions yields a configuration 
where the NS5-branc divides the oricntifold p-plane (p < 4) into two parts — 5'p-type 
Op-plane on one part and 5'0-type Op-plane on the other. 

Fivebrane in Type I String Theory 

We next consider M theory on xT^ /Z2X . Regarding the last as the eleventh 
direction which we take to be small, we consider this as Type HA orientifold on T^/Z2 
which is T-dual to Type I string theory on T^. We coordinatize the space by - where 
^4,5,7,8,9 g^j^^ ^10 g^j.g ^jjg coordinates of period 27r parametrizing and the eleventh 
respectively. Suppose we have a longitudinal fivebrane at ^^'^'^'^'^ = which spans the 
2;0,i,2,4,5,io directions. Since it intersects with a Z2 fixed plane, this is a ^-configuration. 
This fivebrane is a D4-brane in Type IIA orientifold which is T-dual to a single D5-brane 
in Type I side. Therefore, we conclude that a single D5-brane in Type I string theory is 
inconsistent. It is known that open strings ending on D5-branes in Type I string theory 
must carry 5'p(l) or Sp{N) Chan-Paton factor and therefore two D5-branes move together 
as a unit (where the number is counted in the double cover of Type IIB orientifold) [24].^ 
This looks consistent with the condition we obtained. 

Actually, there is a subtlety in the above argument. There are 16 pairs of M the- 
ory fivebranes which are at points of and are parallel to the 32 Z2 fixed planes [2, 3]. 
Recall again that, if a Z2 fixed plane is with two parallel fivebranes on top of it, a five- 
brane can transversely intersect with it. Since the fivebrane in the above situation passes 
through the four Z2 fixed planes at x"^'^'^ — 0, the configuration is consistent if each of 
these four fixed planes is screened by a pair of fivebranes on top of it. However, in order 
to obtain ten dimensional Type I string theory with SO{32) unbroken gauge symmetry by 
decompactifying T^, all of the 16 pairs must be at one fixed plane. But this is impossible 

^One of the argument showing this as mentioned in [24] is the Dirac quantization condition for D5 
and Dl branes. This is closely related to, or may be mapped to, the consideration in section 2. 
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without having a ^-configuration. This is a more precise way to relate our condition to 
that of [24]. 

In section 2, we found that it is consistent to have two fivebranes intersecting with 
the Z2 fixed plane at the same point, even if the two are not necessarily parallel. It may 
appear that we can conclude from this that two non-parallel fivebranes is possible in Type 
I string theory, which contradicts the condition of [24] . The solution of this puzzle is that 
a ^-configuration cannot be avoided if there are only two fivebranes, as can be seen as 
follows. Suppose one fivebrane is at 2;3,6,7,8,9 _ q (^spanning a;0'i.2,4,5,io-j ^^^^^ other is 
at x^''^'^'^''^ — spanning (2;0.i.2,8,9,io-^ They do avoid a i-configuration at a;^'5.7,8,9 ^ q 
But the first fivebrane passes through the Z2 fixed plane at (x^, x^) = (0, tt), (tt, 0), (tt, tt) 
by itself (and similarly for the second fivebrane), and they are ^-configurations. In order 
to avoid ^-configuration at all the 32 Z2 fixed plane, we must have a fivebrane spanning 
3^0,1,2,4,5,10 Q^^^ ^jjg fQ^j. fixed points in the x^'^-directions and other four spanning 
^0,1,2,8,9,10 ^Yie four fixed points in the x^'^ directions. After T-duahty, we have a block 
of four D5-branes on top of each other with another block of four D5-branes, which is of 
course consistent. 

Other Intersection of D-branes and Orientifold Plane 

Starting from a ^-configuration with the fivebrane wrapped on the eleventh direction, 
we can derive similar consistency conditions by compactifying various other directions of 

X R^/Z2. Namely, in Type II string theory, it is impossible to have a single Dp-brane 
and an j^O-type Op'-plane intersecting transversely in a four- dimensional factor of the 
ten-dimensional space-time.^ In section 7, we will study the intersection of D6-brane and 
various type of 04-planes in detail and determine what kind of intersection is consistent. 

When the Z2 fixed plane is screened by a pair of fivebranes, the fivebrane can consis- 
tently intersect with it. If we compactify a direction parallel to both the fivebrane and 
the Z2 fixed plane on a circle and consider it as the eleventh direction, the fivebrane is of 
course identified as a D4-brane. The screened Z2 fixed plane appears to be interpreted as 
an S'p-type 04-plane as in the case of NS5-brane intersecting with the 04-plane. However, 
unlike in that case, there is a supersymmetry preserving deformation of the configuration 
(turning on e in (2.7)) that has apparently no counterpart in S'p-type 04-plane. Thus, we 
simply interpret the configuration as the e — > limit of D4-brane wrapped on the curve 
(2.7) in the presence of the S'O-type 04-plane. 

•^The case of a D4-brane intersecting with SO-type 06-plane was conjectured to be impossible in 
[25,26]. 
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4 Brane Configuration for N = 2 SQCD with Symplectic Gauge 
Groups 



In [14], in addition to the hypothesis that a ^-configuration is not supersymmetric 
(which we have proved in section 2), a generahzed hypothesis in the presence of D6-branes 
was proposed. This was to obtain correctly the dimension of the Higgs branch of Sp{Nc) 
SQCD in four dimensions by the corresponding brane configuration. Although it works 
for the purpose of Higgs branch counting, the configurations contain ^-configurations as 
we will see, and are inconsistent by themselves. In this section, we modify the brane 
configuration and show that the Higgs branch counting works perfectly without any as- 
sumption provided we use the consistency condition which we derived in section 2 from 
the fiux quantization condition (1.1). 

We first describe the eleven-dimensional space-time. It is the quotient of times a 
Taub-NUT space by a certain Z2 action. Let us choose the time and space coordinates 
x^,x^, . . . ,x^^ so that x"^'^'^'^^ parametrize the Taub-NUT space where x^^ is the periodic 
coordinate of the eleventh direction. The Taub-NUT geometry in M theory corresponds 
to D6-branes in Type HA string theory which can be used to realize quark multiplets. It 
can be considered as the circle bundle over (circle and R^ parametrized by x^^ and 
X — x^'^'^ respectively) where the size of the circle shrinks at the location x — Xi oi the 
D6-branes {i — 1, . . . ,2Nf). We only consider the essential case where all the quarks are 
massless. Then, Xi are aligned as < xj — x\ — 0. We choose a complex structure 
such that V (X x'^ -\- ix^ is a holomorphic coordinate. As other coordinates, we can take y 
and X which are related to each other by 

xy = v^^f. (4.1) 

These are related to the real coordinates by y = 6^^^'^^^'^'^^^°^ f{x) and x — e^'^^^'^'^^^° g{x) 
where / and g are certain functions that vanish at the position x — Xi oi the D6-branes 
(see [30]). The description in terms of y,x,v breaks down near the D6-branes. As long 
as the sixbranes are separated in the x^ direction, x^ ^ x^ the space is smooth and is 
described by introducing one coordinate system {y^, xi) in a neighborhood of each of them. 
These coordinate systems are related to each other by (yi_i,Xi_i) = {yiXi,y^^) and are 
related to {y,x,v) as y — y\x\~^ , x — y^^^ ^xf^^~^^ and v — yiXi. There are 2A^/ — 1 
CP^ cycles defined by yi = Xi+i = for i = 1, . . . , 2Nf — 1. The cycle Cj can also be 
defined as the fibres over the straight segment stretched between the two D6-branes at Xi 
and Xj+i when the space is considered as the circle bundle over the x-space. 

The Z2 action is given by the sign fiip of x^'^'^'^'^. The action on the complex coordi- 
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nates of the Taub-NUT space is {x,y,v) {x,y, —v), and it follows from this that the 
action on the local coordinates {yi,Xi) is 

Vi^i-iy-'yi, (4.2) 

Since Z2 also acts on the coordinates x'^,x^,x^ as x"^'^'^ — > —x'^'^'^ at the same time, the Z2 
fixed points must be at x^'^'^ = 0. Prom (4.2), we see that the CP-*^ cycles C2i at x"^'^'^ — 
are point-wisely Z2 invariant but the Z2 acts on the other cycles C2i_i as 7r-rotation. 
The semi-infinite cycles {xi — 0} (y-axis) and {y2Nf — 0} (x-axis) at x'^'^'^ — are also 
point-wisely Z2 fixed. ^ 

The fivebrane wraps on the curve given by 

^ + y- J^2n!+2-N, Uy - <f>l) ' (4-3) 

where ±0^ are the eigenvalues of the adjoint chiral superfield and A is the dynamical scale 
of the theory. This form is determined by the asymptotic behaviour ai v ^ 00, the Z2 
invariance, and the requirement that the curve does not intersect transversely with the 
semi-infinite Z2 fixed planes — y and x-axis. Let us first look at a generic point of the 
Coulomb branch where all (pa are not zero. As in [28,7,29], we see that the fivebrane 
wraps the CP"*^ cycles Ci, C2, ■ ■ ■ , C2N1-2, C2Nf-i with multiplicity 1, 2, . . . , 2, 1. Also, an 
infinite component intersects C2 at one point and C2N;-2 at one point. Only from the 
requirement of the Z2 invariance of the configuration, there is nothing to prevent the two 
components wrapped on C2-, ■ ■ ■ ■,C2Nf-2^ to be separated in the x'^'^'^-directions, which 
would correspond a Higgs branch of the worldvolume theory. But this docs not agree 
with the field theory knowledge; In = 2 Sp{Nc) SQCD, no Higgs branch emanates 
from a generic point of the Coulomb branch. Even if we require that the componets 
wrapping C2 and C2NJ-2 to be at x^'^'^ — (to avoid the transverse intersection of the 
infinite component with the bare Z2 fixed plane) , there are still many compoents that can 
move. 

In order to reconcile the discrepancy, in [14], the following hypothesis was proposed: 

The configuration is supersymmctric only if the intersection points of the infinite compo- 

^ There is one more ingredient which is important for the low energy physics in the Coulomb branch 
though it is not the focus of the present paper. It is the holomorphic two-form O = Avdy/y = —dvAx/x 
of the Taub NUT space. Since O = dj/jda;, in the i-th patch, it is nowhere vanishing and flips sign under 
the Z2 action. A BPS state is associated with a minimal-area membrane ending on the fivebrane whose 
orientation flips under the Z2 action (because of the parity transformation law C ^ — C of the three-form 
potential), and its mass is given by the absolute value of the integral of on it (which is well-defined since 
O also flips sign). Likewise the set of cycles to determine the prepotential are chosen from anti-invariant 
cycles. 
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nent with the CP^ cycles C2 and C2Nf-2 are connected by a series of CP^ components. It 
was shown in [14] that this rule works in all the cases as far as the Higgs branch counting 
is concerned. 

However, the configuration considered above contains a ^-configuration and is actually 
inconsistent by itself. Let us look at the point yi = Xi = 0, the position of the first D6- 
brane. The fivebrane wraps once on the cycle Ci described by ?/i = which transversely 
intersects the y-axis given by Xi = 0. Since Z2 acts on the coordinates {yi,Xi,x'^'^'^) as 
{yi, —Xi, — x^'^'^), y-axis is a Z2-fixed plane and therefore this is a ^-configuration. This 
kind of local ^-configuration appears for arbitrary values of (pa- 

The problem appears to be solved if we remove the component wrapping Ci and 
C2Nf-i- Indeed, if we do this, the ^-configuration is removed. However, there are odd 
number of fivebranes intersecting with the compact Z2 fixed plane C2 (or C2Nf-2) — the 
single infinite component and the two components wrapped on C3 (or on C2Ar^-3). This 
violates the consistency condition derived in section 2; the fiux quantization condition 
requires that the number of fivebranes intersecting with such a Z2 fixed plane must be 
even, even if the fixed plane is screened by a pair of fivebranes. This new problem can 
be solved by removing a single component from each of the CP^ cycles C3 and C2Ar^-3. 
Then, the same kind of problem arizes at the compact Z2 fixed planes C4 and C2Nj-a- 
Continuing this process we finaly obtain a consistent configuration which is described as 
follows: 

In addition to the infinite component, the fivebrane wraps on the CP^ cycles Ci, . . . , C2NJ-1 
with multiplicity for Ci, C2Nf-i, 1 for other 6*21-1, 2 for €2% (see Figure 1). When all the 




Figure 1: The Corrected Curve (a Generic Point of the Coulomb Branch) 

CP^ components are at x^'^'^ = 0, this is a consistent configuration: the total number of 
fivebrane intersecting with the Z2 fixed cycle C2i is even, which is required from the flux 
quantization condition. Also, the number of components wrapping each of these flxed 
cycles C2i is even, and another consistency requirement is satisfled. Furthermore, in order 
to avoid the ^-conflguration, the two components wrapping each of the cycles C2i cannot 
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be separated in the x^'^'^-direction. This corresponds to the absence of Higgs branch at a 
generic point of the Coulomb branch, which agrees with the field theory knowledge. 

Thus, we propose a modification of the brane configuration so that any problem does 
not arize: We remove one component of the fivebrane wrapping each of the cycles C2i-i 
from what one would get by the equation (4-3). This is possible for an arbitrary values of 
(pa since the fivebrane (4.3) always wraps on these cycles at least once. 

Let us consider the case where r of 0a's vanish (r sufficiently small). The equation (4.3) 
would imply that there are CP^ components wrapped on Ci, . . . , C2Nf-i with multiplicity 
1, 2, 3, . . . , 2r + 1, 2r + 2, . . . , 2r + 2, 2r + 1, . . . , 3, 2, 1. But this is modified as follows: 
the number of wrapped fivebrane is 2[?/2] for Ci and C2Nj-i with i < 2r + 2; 2r + 1 
for C2i+i with r < i < Nf — r — 1; 2r + 2 for C2i with r < i < Nf — r. The total 
number of fivebrane intersecting with each of the Z2 fixed cycles C2i is even (For i < r 
or i > Nf — r this is trivial as the multiplicities at C2i^i and C2i+i are both even. For 
r + 1 < i < Nf — r — 1. they are both odd and the sum is again even. For C2r+2 
or C2Nf-2r-2, the sum of mulitiplicities of the nighboring cycles is odd, but the infinite 
component intersects with it at one point.). In addition, the multiplicity at these Z2 fixed 
cycles C2i is even. Therefore the configuration is consistent. Also, in order to avoid a 
^-configuration, two of the CP^ components wrapping C2i with r < i < Nf — r must 
be at x"^'^'^ — 0, and there is no other constraint. It is easy to see that the number of 
Z2 invariant deformations of CP^ components subject to this constraint agrees with the 
dimension 2rNf — (2r^ + r) of the r-th Higgs branch. It is also easy to see that the subtlety 
associated with the r = [Nf/2\ Higgs branch [27, 14] is correctly captured by applying the 
consistency condition to the modified curve. 

Starting with this N = 2 configuration, we can obtain the configuration for = 1 
SQCD which will not be described in this paper. Here we only mention that one can also 
obatin results consistent with field theory from the modified configuration. See [45] . 

5 Brane Configuration for N = 2 SQCD witli Ortliogonal Gauge 
Groups 

In this section, we construct brane configuration corresponding to = 2 theories 
with orthogonal gauge groups. No satisfactory description of these theories including 
the Higgs branch has been known in the past. We first show that the naive candidate 
of the configuration for SO{Nc) SQCD satisfies the consistency requirement for even Ac 
but not for odd Ac- In the process of realizing 5*0 (odd) gauge theories, we find a new 
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M theory realization of orientifold four-planes. We also encounter a phenomenon where 
fivebranes are created when two coincident sixbranes are separated while intersecting with 
the orientifold four-plane. 

5.1 5'0(even) Gauge Groups 

The configuration corresponding to = 2 SO{Nc) SQCD, even Nc, with Nf fla- 
vors {Nf hypermultiplets in the vector representation) can be constructed in the eleven- 
dimensional space-time which is the same as in the case of Sp{Nc) SQCD with Nf flavors. 
We thus follow the notation used in section 4. 

At a point on the Coulomb branch, the flvebrane wraps on the curve described by [12] 

A^ + y) = irN:z^I[i^'-<Pl) (5-1) 

a=l 

where ±0^ are the eigenvalues of the adjoint chiral superfield and A is the dynamical scale 
of the theory. The v'^ factor of the left hand side shows that, in the asymptotic region 
— > ±oo, the flvebrane wraps twice on the Z2-flxed cylinder ^^'^'^'^'^ = 0, < < 27r. 
In the Type II A limit, the Z2 flxed plane in this region has D4-brane charge — H- 2 = 
and can be interpreted as the orientifold four-plane of 5'p-type. 

Higgs branches emanate from the submanifolds of the Coulomb branch where some of 
0a's vanish.^ When r of them vanish (r < ^), the theory at the root is SO{2r) with 
Nf flavors, and we expect a Higgs branch of quaternionic dimension 2rA^/ — 2r(2r — l)/2. 
The curve (5.1) at such a point is singular and contains three inflnite components — 
the left, middle and right components: The left component wraps twice on the y-axis 
^^4,5,7,8,9 _ Q ,j,6 ^ g^j^y Q <x^^ < 27r), the right wraps twice on the x-axis (a;^>5,7,8,9 _ 

> any , < < 27r), and the middle wraps on a curve C extending to — > 00. The 
flvebrane also wraps on the CP^ cycles Ci, . . . , C2Nf-i with multiplicities 3, 4, . . . , 2r — 
1, 2r, . . . , 2r, 2r — 1, . . . , 4, 3. The component C intersects transversely with C2r-2 and 
C2Nf-2r+2 at one point each (if r > 1). The total number of flvebranes intersecting 
with the Z2 flxed plane C2i is even (The number of flvebranes wrapping the neighboring 
cycles C2i_i and C2i+i are both odd for i < r — 1 or i > A^^ — r -|- 1; both even for 
r > i < Nf — r, and therefore the sum is even for these cases. For C2r~2 or C2Nf-2r+2, 
the sum of muhtiplicities of the nighboring cycles is odd, but the inflnite component 
C intersects with it at one point.). In addition, the flvebrane wraps on these Z2 flxed 

■"^ Unlike in the Sp case (see [27, 14]), the theory at the root is always infra-red free and therefore the 
semi-classical intuition about the location of the root is correct. 
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cycles C2i with even number of times. Therefore the configuration is consistent. Since 
the number of fivebranes wrapping C2i+\ is odd for i < r — 1 or i > Nf — r -\- 1, at 
least one component wrapping these cycles must be at x^'^'^ — 0. Therefore, in order to 
avoid ^-configuration, at least one pair of components wrapping each of Cj and C2Nf-i 
with i — 1, . . . , 2r — 2 must be at x^'^'^ = 0. The number of Z2 invariant deformations 
of the location of CP^ components subject to this constraint agrees with the expected 
dimension of the Higgs branch. 

5.2 5'0(odd) Gauge Groups 

A Problem 

It appears that the curve for SO{Nc) gauge theory with Nc odd can be obtained by 
replacing the right hand side of (5.1) by vYll^{'^\v'^ — 0^) with a modification of the Z2 
action. The curve thus obtained is indeed the same as the Scibcrg-Wittcn curve of the 
theory. However, the dimension of the Higgs branch does not agree with the number of 
motion of the CP^ components. This can be easily seen by noting that an Nf dimensional 
Higgs branch emanates at a generic point of the Coulomb branch [27] in 5*0 (odd) theories, 
while for generic values of (pa the fivebrane thus obtained wraps only once on each of the 
CP^ cycles and hence they are fixed at x"^'^'^ = 0. 

There is actually a more fundamental reason why this cannot be the correct fivebrane 
configuration. For an arbitrary value of (pa, there is a Z2 fixed cycle C2i on which the 
fivebrane wraps odd number of times. The fivebrane wrapping odd number of times on a 
CP^ cycle which is point-wisely Z2 fixed is locally the same as odd number of fivebranes 
stuck at the orbifold point of R^/Z2. This configuration is forbidden since it does not 
satisfy the fiux quantization condition [1] (see section 2). Therefore, the configuration 
given above is inconsistent. 

50 (odd) from 50 (even) by Higgsing 

In field theory, one can reduce the number of colors (and flavors) by Higgsing the 
quarks. As suggetsed in [4], one can use this fact to obtain the right configuration for 
5'0(odd) theories from the conflguration for 5'0(even) theories. 

We first consider obtaining SO^N^) pure N = 2 Yang-Mills theory {N^ odd, Nf = 0) 
from SO{Nc + 1) theory with a single fiavor. This can be done by setting (pNc+i = 0, 
turning the quark vev Ql^^^_^_i and sending them to infinity. The corresponding procedure 
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in the brane picture is obvious. At (f)Nc+i — 0, the curve of SO{Nc + 1) theory is given by 
v'^{x + y) = nL=Y^' ("^^ ~ 0^)/A('^=+^)~^~-^ and wraps twice on the unique CP"^ cycle of 
the Ai type Taub-NUT space yx — v^. The quark vevs correspond to the position of the 
pair of CP^ components in the x^'^'^-directions and hence the configuration for SO{Nc) 
Yang- Mills theory can be obtained by sending them to x'^'^'^ — > oo. At the same time, we 
can send the two sixbranes to infinity x^ — > ±00; one to the left — > — 00 and one to the 
right X2 — > +00. Then, the CP^ cycle becomes infinitely elongated and it is appropriate 
to use the coordinates x — v~^x and y — v~^y related hy yx — 1. The expression of the 
curve is then 

<^ + y) = AiVe-2-iv, n (5.2) 

a=l 

where Nf — {) m the present case. The overall factor has dropped off because the two 
CP^ components has been sent to infinity. 

By definition, the Z2 acts on the new coordinates as y — > — y, x — > —x. In other words, 
the space-time obtained by sending the sixbranes to x^ — ±00 is x (R^ x S^) /Z2 where 
the Z2 now acts on R^ x with coordinates ^^'^'^'^'^ and x^^ as 



^4,5,7,8,9 _^ _2;4,5,7,8,9 



(5.3) 



Note that there is no fixed point of this Z2 action. In particular, there is no extra fivebrane 
charge that would be associated with the R^/Z2 fixed point [2, 3]. In the weakly coupled 
Type IIA limit where the size of shrinks to zero, the Z2-invariant cylinder x^'^'^'^'^ = 
looks like a Z2 fixed plane in ten-dimensional space-time but it carries no D4-brane charge 
by itself. 

In the asymptotic region 00, the fivebrane wraps once on this Z2-invaraint 

cylinder because of the factor of v in the left hand side of (5.2). Therefore the Z2 "fixed 
plane" ^^'^'^'^'^ = carries D4- brane charge +1 in the large x^ region. This can be 
interpreted as the 04- plane of Sp-ty^e. In the middle region x ^ y, there are ^^^^ pairs 
of D4-branes parallel to this Z2 "fixed" plane of chrage zero. We interpret this Z2 "fixed" 
plane in this region as 04-plane of -SO-type with a single D4- brane stuck on it. 



A Transition with Fivebrane Creation 



Let us next consider obtaining = 2 SO{Nc) SQCD (A^^ odd) with A^/ = 1 from 
5'0(Ac+ 1) theory with two flavors. In field theory, this can be done by setting ^jv^+i = 
and sending some of the quark vevs to infinity, throwing away two quaternionic degrees 



22 



of freedom. In the brane side, the fivebrane for SO{Nc + 1) theory with 0iVc+i = wraps 
twice on each of the three CP^ cycles Ci, C2, C3. The decouphng is done by sending two 
pairs of CP^ components to infinity. Here we consider sending the pairs wrapping Ci and 
C3 to infinity. (We do not consider here the other two options which might lead to other 
reahzation of SO{odd) theories.) If we send also the leftmost and rightmost sixbranes to 
— > — 00 and +00 at the same time, the cycles Ci and C3 becomes infinitely elongated 
and it is appropriate to use the coordinates y — v~^y and x — v~^x. These are related 
to each other by yx — the Z2 acts on them as y — > —y and x — > —x. The expression 
of the curve is then given by (5.2) in which Nf — 1 in this case. Here we should keep in 
mind that we are retaining the pair of CP^ components wrapping C2, although we have 
dropped the v'^ factor from the original expression for the SO{Nc + 1) theory. 

The same configuration should also arize if we start with the configuration for the 
theory with bare mass m of the quarks. The theory flows in the infra-red to pure Yang- 
Mills theory, and the configuration is again given by (5.2) provided it is now in the 
space-time described by yx — — where a pair of sixbranes are located aX, v — ±m. 
The massless configuration would arize if we put the sixbranes on top of each other at 
^; = and then separate them in the x^-direction. The equation describing the curve is 
still given by (5.2) with Nf — 1. In order for the resulting configuration to be the same as 
the one obtained by Higgsing the SO{Nc + 1) theory, the fivebrane must also wrap twice 
on the CP^ cycle. Since the curve (5.2) generically does not intersects the Z2 invariant 
cylinder v — 0, we can draw the following general conclusion: Suppose a sixbrane and its 
mirror image under the Z2 action (5.3) approach each other, colide, and are separated in 
the a:^-direction. Then, a fivebrane wrapping twice on the CP^ cycle is created (see Figure 
2) . This is in contrast with the situation where the Z2 action is the simple sign flip of the 




Figure 2: Creation of Fivebrane 
A pair of sixbranes approach the cylinder on which Z2 acts as 7r-rotation (left). When they 
coincide, the cyUnder is pinched (middle). When they are separated, a CP^ cycle which is 
point-wisely Z2 fixed appears and a pair of fivebranes wrapped on it are created. 

coordinates ^^lis case, the fivebrane should not be created when the sixbranes 

are separated, as we can see by looking at the case of Sp{Nc) or 5*0 (even) gauge groups. 
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S'O(odd) with General Nf 

In principle, we should be able to obtain the configuration for higher Nf theory with 
SO{Nc — odd) gauge group by Higgsing the one for SO{Nc + 1) theory with Nf + 1 
fiavors. However, since we do not presently know a precise map between the Higgs vevs 
and the location of the CP^ components, this is not a good way to find it. Instead, 
we can use the phenomena of fivebrane creation which we have found above. We start 
with a theory where a bare mass m is given to all of the quarks. The configuration 
for this is the fivebrane wrapping the curve (5.2) in the space-time where Nf pairs of 
sixbranes are located at v — ±m and at different points in the x^-direction. The space- 
time is a Z2-invariant resolution of yx — (v"^ — m^)^i where the Z2 action is given by 
(5.3), that is, y —y, x —x and v —v. Making each pair close to the Z2 "fixed 
plane" f = and separating them in the x^ direction, there appear 2Nf — 1 CP^ cycles 
Ci {i = 1,2, . . . ,2Nf — 1 from the left) where the Z2 acts trivially on 6*21-1 and by 
TT-rotation on C2j. According to the phenomena found above, CP^ components of the 
fivebranes wrapping twice on each of C2i-i are created. In the end, the fivebrane consists 
of these CP^ components in addition to the main component which is still described by 
the equation (5.2). When r of 0a's vanish, the curve (5.2) degenerates and additional CP^ 
components are created. It is a simple exercise to show that the configuration where all 
the components are at x'^'^'^ = satisfy the consistency requirement coming from the flux 
quantization condition; The number of fivebranes wrapping each of the Z2 fixed cycles 
C2i_i is even and the number of fivebranes intersecting each of them is also even. The 
number of Z2 invariant deformation of the location of CP^ components subject to the 
constraint to avoid ^-configuration is (2r + l)Nf — (2r + l)2r/2 which agrees with the 
dimension of the r-th Higgs branch where the theory at the root has 5'0(2r-|- 1) unbroken 
gauge group and Nf massless quark multiplets. 

6 M Theory Realization of Orientifold Four-Plane 

6.1 04-plane with a Single D4-brane Stuck on it 

Prom the discussion in the previous section, we learned of an M theory realization of 
SO-type 04-plane with a single D4-brane stuck on it. Note that the naive candidate — 
M theory on x R^/Z2 x with a single fivebrane stuck at the Z2 fixed point — has 
been ruled out by the flux quantization condition [1] (see section 2). We propose that the 
correct realization is M theory on x (R^ x S^)/Z2 where the Z2 acts on R^ x with 
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coordinates a;^>5,7,8,9 ^^^^ ^lo (^5 3)- 

^4,5,7,8,9 _^ _^4,5,7,8,9 

(6.1) 

Because this Z2 action is free, as has been said, there is no fivebrane charge that would be 
associated with the R^/Z2 fixed point [2, 3]. In the weakly coupled Type IIA limit where 
the size of 5*^ shrinks to zero, the Z2-invariant cylinder x^'^'"^'^'^ — looks like a Z2 fixed 
plane in ten-dimensional space-time but it carries no D4-brane charge. This is the right 
property of a D4-brane stuck on the 5'0-type 04-plane. Further test of this proposal will 
be discussed elsewhere. 

One can show that M theory on this space satisfies the fiux quantization condition. 
First of all, as said above, there is nothing carrying the fivebrane charge and therefore 
G = 0. On the other hand, the space (R^ x S^)/Z2 can be considered as the Mobius bundle 
over and is homotopy equivalent to the base as the fibre can be contracted; 
(R^ X S'^)/Z2 — S^. The fourth Stiefel Whitney class of this space of course vanishes. 
Thus, the condition (1.1) is satisfied. 

As an application, we propose the M theory realization of the component of the 
moduli space of Type IIA orientifold on T^/Z2 where a single D4-brane is at each of the 
32 fixed points. As noted in [3], this is dual to a component of the moduli space of Type 
I string theory on (the dual of T^) which corresponds to a component of the moduli 
space of fiat Spin(32)/Z2 connections on that is not connected through a family of 
fiat connections to the component of trivial connection. We propose that it is dual to M 
theory on R^ x (T^ x S'^)/Z2 where Z2 acts on as the sign fiip of the five coordinates 
and on as the 7r-rotation. 

6.2 04-plane of Sp-Type 

The discussion in section 5 also suggests a new M theory realization of Sp-type 04- 
plane. It is M theory on R^ x (R^ x S^)/Z2 with the Z2 action (6.1) with a single 
fivebrane wrapped on the invariant cylinder at ^^'^'^'^'^ = 0. It has the right D4-brane 
charge (-1-1) since the fivebrane charge is provided only by the single fivebrane wrapped 
on the invariant cylinder. In addition, the wrapped fivebrane cannot be deformed without 
an energy of order 1/R, where R is the radius of which is related to the Type IIA string 
coupling by i? = Qst'^st — S'st^^'^^ii, and therefore its motion is frozen in the perturbative 
string regime g^s^ <S 1, as expected since orientifold four-plane has no dynamical degree of 
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freedom.^ 

As a consistency check, we examine whether this configuration satisfies the fiux quan- 
tization condition (1.1). We choose a Z2 invariant four-cycle S = Sq U in the double 
cover where is a four-sphere at x^^ = in the x^'^'^'^'^-plane surrounding the origin and 

is its Z2 partner at x^^ = n. We give the natural orientation to both of the spheres 
so that the Z2 action reverses the orientation of S. Then, the fiux of G/2ti through S 
is defined to be 2 and hence the fiux through the quotient 5* = 5'/Z2 is 1. On the other 
hand 'w;4 = for this space as noted above. Therefore, the condition (1.1) is satiafied. 

We note that there is another realization of S'p-type 04-plane — M theory on x 
R'''/Z2 X with a pair of fivebranes frozen at the Z2 fixed plane — which we have 
actually used in the construction of brane configuration for symplectic gauge theory. This 
04-plane has the right D4-brane charge (—1 + 2 = +1), but the fivebrane pair can naively 
separated from the Z2 fixed plane without non-zero energy, which is not the property of 
the 04-plane of S'p-type. However, the pair of fivebranes can be made fixed at the Z2 fixed 
plane by imposing a particular boundary condition so that we can realize the Sp-type 04- 
plane ending on an NS5-brane, as we have seen in section 3. Another example of freezing 
mechanism will be given in the following section and it also yields a finite (or semi-infinite) 
04-plane of ^p-type. At present, we do not know the freezing mechanism to realize an 
infinite 04-plane of S'p-type. This mysterious freezing is presumably related to the frozen 
D4 (Dg) singularity in M (F) theory that corresponds to orientifold six- (seven-) plane of 
Sp type [31]. 

Thus, we have two realizations of orientifold four-plane of Sp-tjpe. Are the Sp{n) 
gauge theories on the worldvolume of n pairs of D4-branes close to them equivalent? Here 
we note that 7r4(S'p(n)) = Z2 and that there is a Z2 valued "theta angle" corresponding to 
assigning a weight +1 or —1 to the path-integral on the topologically non-trivial sector. 
It is tempting to suspect that the two choices of this theta angle corresponds to the two 
realizations of S'p-type 04-plane. We will come back to this point in section 6.5. 

6.3 RR ^7(1) Gauge Field 

When we consider M theory on (M x S^)/7i2 where the generator of Z2 acts as an 
involution 7 of ten-dimensional space-time M and as 7r-rotation on the circle in the 
eleventh direction, there is possibly a "flux" of the RR one- form in the corresponding 

^It is interesting to find the interpretation of the fivebrane with its a;*'^''''^'^-location varying as a 
function of x^^ with wavelengths ~ i?. A natural candifate is a bound state of DO-branes with 04-plane. 
It is intetresting to confirm the existence of such a bound state using the matrix quantum mechanics. 
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Type IIA string theory on M/Z2 [32]. This can be explained as follows. The wavefunction 
of a single DO-brane in this situation is an odd function of the space-time M, ^'(7x) = 
— ^(x), X e M. In other words, it is a section of the complex line bundle associated 
with the C/(l)-bundle (M x C/(l))/Z2 over M/Z2 where this C/(l) group is identified 
with the circle in the eleventh direction. Then, the RR one-form ^4^^ represents a 
connection of this C/(l)-bundle since DO-branes are electrically charged under Af^. It 
is determined by the metric of the eleven-dimensional space-time in such a way that 
the directions orthogonal to U{1) fibre are horizontal. When the metric of the eleven- 
dimensional manifold M x 5"^ is such that M and are orthogonal, the connection 
of the U{1) bundle over M/Z2 is the standard one that is induced from the trivial flat 
connection over M. In such a case, the holonomy along the loop represented by a path 
in M connecting a point x and its Z2 partner 7X is —1. 

In the two new reahzations of Type IIA orientifold on R^/Z2 discovered above — cor- 
responding to 04-plane of 5'0(odd)-type and 04-plane of Sp-type — M theory geometry 
is X (R^ X S^)/Z2 where 5"^ is orthogonal to R^ x R^. Here, we note that the base 
ten-dimensional manifold R^ x R^/Z2 is singular and we should delete a neighborhood of 
the origin of R^/Z2 as the low energy supergravity approximation breaks down near such 
a singularity. Then, the RR U{1) gauge field Af^ has a non-trivial holonomy as described 
above. Namely, the holonomy along the non-trivial loop in the Z2 quotient is —1. This is 
in contrast with the realization of 04-plane of S'0(even)-type and the old realization of 
04-plane of Sp-type. In these cases, the M theory geometry is R^ x R^/Z2 x where 

is orthogonal to R^ x R^, and therefore the RR gauge field is trivial ^4^^ = 0. 

We could not find an M theory realization of 04-plane of 5'0(odd)-type with a trivial 
RR U{1) gauge field. The only candidate one can think of, M theory on R^ x R^/Z2 x 
with a single fivebrane at the Z2 fixed plane, is forbidden by the quantization condition 
(1.1) (see section 2.1). This fact strongly suggests that a non-trivial RR Wilson hne is 
required for 04-plane of 5'0(odd)-type by some non-perturbative reason.^ Similarly, the 
fact that we cannot find an M theory realization of 04-plane of 5'0(even)-type with a 
non-trivial RR Wilson hne imphes that such an 04-plane does not exist. 

One thing that is possibly related to this is the Dirac quantiztion condition for D2- 
branes in Type IIA string theory. This may be derived by repeating the derivation in [1] 
of (1.1). In the background with flat RR gauge field, the CS couphng of [35] is identical 
to that of the membrane in M theory, and hence we will get the same condition for the 

^If the precise duality map between Type IIA orientifold on T^/Z2 with one D4-brane at each 04- 
plane to Type I string theory with a non-trivial Spin(32)/Z2 Wilson line were available, one could test 
this as in [33]. 
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field strength of the RR three-form potential. However, if that is true, by considering the 
four-cycle surrounding the R^/Z2 "fixed plane" in ten dimensions, we find a contradiction 
since J W4is 1 mod 2 as usual while 04- plane of 6'0(odd)-type has even unit of magnetic 
charge. As we will see in a different context, there is a subtlety in the definition of CS 
coupling, and this should be the reason for the apparent contradiction. In any case, the 
ten-dimensional flux quantization condition must be modified so that 5'0(odd)-type 04- 
plane is allowed. It is possible that the modified condition requires non-trivial RR Wilson 
line for 5'0(odd) 04-plane, and trivial one for 5'0(even) 04-plane. 

To summctrize, we list up the orientifold four-planes and their M theory realizations. 

04~: the 04-plane of -SO-type (D4-brane charge —1) with the trivial RR U{1) gauge 
field. This is realized as M theory on x R^/Z2 x 5"^. 

04°: the 04-plane of 5'O-type with a single D4-brane stuck on it (D4-brane charge 0) 
with a non-trivial RR C/(l) gauge field (holonomy= —1 along a non-trivial loop). This is 
reahzed as M theory on R^ x (R^ x S^)/Z2- 

04+: the 04-plane of iSp-type (D4-brane charge +1) with the trivial RR U{1) gauge 
field. This is realized as M theory on R^ x R^/Z2 x 5*^ with a pair of fivebranes frozen 
at the Z2-fixed plane. 

04"*": the 04-plane of S'p-type (D4-brane charge +1) with a non-trivial RR U{1) gauge 
field (holonomy= —1 along a non-trivial loop). This is realized as M theory on R^ x 
(R^ X S^)/7i2 with a single fivebrane stuck on the Z2 invariant cylinder. 

6.4 T-duality to Orientifold Five-plane 

There is a similar pattern in the list of orientifold five-plancs in Type IIB string theory. 
In [34], it was found that the 05-planes of 5'0(even)-type as well as of S'p-type can be 
realized in a background with trivial Type IIB theta angle (RR zero-form) 9b = 0, whereas 
the 05-planes of 5'0(odd)-type as well as of S'p-type can (also) be reahzed in a background 
with 9b — T^- Here we show that this actually follows from what we have learned above 
via T-duahty. We show in particular that Type HA orientifold with the non-trivial RR 
U{1) gauge field is mapped to Type IIB orientifold with 9b — tt. 

We compactify the direction on a circle and consider dimensionless periodic 

coordinate of period 2ti. We consider Type IIA orientifold on R^ x [S^ x R'^)/Z2 where Z2 
acts as the sign flip of the flve coordinates x^'^'"^'^'^ . There arc two orientifold four-planes 
— one at = x^'^'®'^ = and the other at = tt, x^'^'^'^ = 0. 



28 



If both of them are 04^-plane, then by T-duahty we will obtain Type IIB orientifold 
on X 5"^ X R^/Z2 where a single 05-plane of S'O-type (D5-brane charge —2) wraps on 
the Z2 fixed plane x S^. Similarly, if both are 04+, we obtain 05-plane of Sp-type 
(D5-brane charge +2) wrapped on R^ x S^. In both of these cases, since RR one-form is 
zero on the Type II A side, RR zero-form is zero. 

Next let us consider the case where the 04-plane at x"' = is 04^ and the one at 
x'^ = n is 04°. After T-duality, we obatin 05-plane of SO-tjpe with a single D5-brane 
stuck on it (D5-brane charge —1) wrapped on R^ x S^. What is the RR U{1) gauge field 
in such a system and what does it correspond to in the Type IIB side? It should be trivial 
around 04~ but it should be non-trivial around 04° so that the wavefunction satisfies 
^(7x) = — V^(x) near ~ tt. A natural candidate is such that the wavefunction satisfies 
V'(7x) = e^^>(x). Namely, the U{1) bundle is R^ x {S^ x R^ x U{l))/Z2 where the Z2 
action is 

^^0,1,2,3,6^ e*^\ x^''^'^'^, e'^'°) > e"*^\ -x^''^'^'^, e*(^^+^'°)), (6.2) 

where x^^ is identified as the coordinate of the group manifold U{1). The trivial flat 
connection on the trivial U{1) bundle on the double cover R^ x 5*^ x R"^ does not descend 
to a connection of this bundle. However, a certain non-trivial one does. Let us choose 
a fiat connection on the double cover, and let g{'x) be a U{1) valued (local) function of 
R5 X X R^ that determines a horizontal section x 1— > {x,g{x.)) (i.e. the gauge field is 
given by iA = g~^dg). This descends to the Z2 quotient if and only if 

e-'^(7x) = ^(x). (6.3) 

Up to single valued gauge transformations, there is a unique solution 

^(x) = e^^'/'. (6.4) 

Namely, the RR U{1) gauge field in the double cover is Af^ = ^dx^. By the standard 
relation between RR p-form and RR {p ± l)-form under the T-duality, we see that the 
Type IIB theta angle is given by 



^Af^^n. (6.5) 



eB = 

The same thing holds if we have one 04"*" and one 04^. In such a case, we will obtain 
05-plane of 5'p-type (D5-brane charge +2) wrapped on R^ x 5*^ in a background with 
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Through this argument, we have also given the M theory reahzation of 05-plane 
wrapped on x 5"^. The eleven-dimensional geometry is nothing but the total space of 
the RR U{1) bundle where the metric is determined so that the U{1) fibre is orthogonal 
to the horizontal directions defined by the RR gauge field. In particular, in the case of 
non-trivial RR gauge field considered above, not all of the directions at constant 

x^^ are orthogonal to the fibre direction, but the two-torus in the x'^-x^^ directions is 
twisted so that 5y{x'^,x^^) — (0, e) is orthogonal to Sh{x'^,x^^) — (e, e/2). This is another 
explanation oi 9b — t^- 

6.5 The Z2 Valued Theta Angle 

In this section, we have seen that there are two kinds of 04-planes and 05-planes 
of Sp type which differ in the RR potentials. In five- and six-dimensional symplectic 
gauge theories, there is a Z2 valued theta angle associated with 7r4{Sp{n)) = Z2 and 
7r5{Sp{n)) = Z2. This tempts us to suspect that the two kinds of 04-planes or 05-planes 
correspond to the two choices of the theta angle (as already mentioned in [34] for 05 
case) . 

To see if that is the case, one needs to know the coupling of RR potentials and 
gauge fields on the D-brane worldvolume. Such a couphng, called Chern-Simons (CS) or 
Wess-Zumino term, is extensively studied and a certain understanding has been obtained 
[35-37] up to some global issues related to the following discussion. For n D-brancs on 
top of one another, with worldvolume W, it takes the form Cch or nC — J^^ Hch^^^ 
where C (H) is a sum of RR potentials (field strengths) and ch is the Chern character 
of the U{n) bundle on the D-brane and ch*-"'' is the associated Chern-Simons form (we 
ignore the contribution from the normal and tangent bundle of W and also from the NS 
two- form). In particular, for D5-branes, the term / ^^chs shows that the Type IIB theta 
angle defines the theta angle of U{n) gauge theory associated with 7r5(t/(n)) = Z. 

It is natural to expect that the CS coupling takes a similar form even when these 
D-branes wrap over an orientifold plane. ^ For D5-branes on top of an 05-plane, it may 
appear that we obtain the theta term with theta angle 9b as in D-brane case. However, 
chodd vanishes for symplectic (orthogonal) bundles since the curvature changes by sign fiip 
under the transposition, *Fa = —JFaJ~^ {^Fa — —Fa). In fact for Sp bundles there is no 
characteristic cohomology class (over an arbitrary coefficient) at {4k + 2)-dimension since 
the classifying space BSp is a quaternionic Grassmannian which has a cell decomposition 
into 4A;-dimensional cells. Therefore, what can distinguish the non-trivial bundle must be 

^Of course it is important to determine it. See [38] for some discussion. 
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something more global than just an integral of some cohomology class. 

Actually, there is a subtle topological problem in the definition of CS coupling. When 
the RR potentials and the gauge fields on the D-brane are both topologically non-trivial, 
the expression for the CS coupling written above does not actually make sense. In three- 
dimensional gauge theory, there is a standard recipe for defining the CS term / for 
topologically non-trivial configuration [39]: First find a four-manifold bounded by the 
three-manifold of interest, extend the gauge field to the interior of the four-manifold, and 
then evaluate / ch2 on it. In general the extension is impossible but the difference of the 
values of the CS term can be similarly defined. Therefore, one can define the CS term 
by taking a reference gauge field and assigning a suitable value of it for such a reference 
configuration. One can find such an assignment so that the basic physical requirements 
are satisfied [39]. Such a consistent assignment is not in general unique and one must 
make a choice among several possibilities, which is analogous to the choice of theta angle. 
What we need here is a generahzation of this to the case where the gauge theory lives on 
a submanifold of a ten-dimensional space-time and there are also RR field strengths in 
addition to gauge fields. A systematic study of such a topological couphng has not been 
done yet. (There is, however, a related discussion in [40].) It is possible in the case of 04- 
or 05-plane of Sp type that there are two choices of a consistent assignment depending 
on the two choices of RR Wilson fine or 9b and that these corresponds to the Z2-valued 
theta angle. 

7 Applications 

In this section, we consider applications of the consistency condition derived in sec- 
tion 2 and the M theory realization of orientifold four-planes proposed in section 6. In 
particular we study the properties of orientifold four-planes intersecting with D6-branes 
and/or NS5-branes. 

7.1 04-D6 System 

We first analyze the system of an 04-plane intersecting with D6-branes. Let us con- 
sider a Type IIA orientifold by the sign fiip of the coordinates a;"''^'^'^'^ when there is a 
D6-brane at x*^'^'^ = spanning the a;'^'-'^'^'^''^'^''^-directions. Then, the orientifold plane at 
^,4,5, 7,8,9 _ Q intersects with the D6-brane at = and is divided into two parts — the 
left part < and the right part > 0. We determine what types of 04-plane is 
possible for the two parts. 
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A single D6-brane at x'^'^'^ = is realized in M theory as the Taub-NUT space in 
the x^'^'^'^°-direction. With a choice of the complex structure such that v — x"^ + ix^ is a 
complex coordinate, the Taub-NUT space is described by 

yx = V, (7.1) 

where y and x are other complex coordinates expressed as y = e~^^/^~*^^°/(x^'^'^) and 
X — Q^^/R+^x^° g(^x^,5fiy Here R is the radius at x^ — > ±00 of the circle in the eleventh 
direction and /(x^'^'^) and gi^x"^'^'^) are some functions (the precise form of / and g 
is necessary only in the next subsection and will be given there). As a complex manifold, 
it is the same as the complex plane with coordinats (y, x). The locus x^'^ = consists 
of two components corresponding to the left x^ < and the right x^ > parts: The left 
part is the y-axis {x — 0} and the right part is the x-axis {y — 0}. 

We consider Z2 orbifold of M theory on this space by the action 

y ^ y, X ^ -X, V ^ -V and x^'®'^ -x'"'^'^. (7.2) 

We can consider this as an M theory realization of an 04-plane intersecting with the 
D6-brane since the Z2 action reduces to the sign flip of a;4,5, 7,8,9 ^^le weakly coupled 
Type IIA string theory limit R ^ 0. (7.2) is essentially the unique one that reduces to 
such a Z2 action (there is actually another one, but it is simply related by the interchange 
of X and y (i.e. sign flip of x^)). On the left part x^ < 0, the Z2 acts as the sign flip of 
the five coordinates fixing the eleventh coordinates, while it acts as the sign flip of five 
coordinates together with the vr-shift of the eleventh coordinate on the right part x^ > 0. 
Therefore, the 04-plane on the left part is 04~ (the 04-plane of -SO-type, D4-brane 
charge —1, trivial RR C/(l) holonomy), and the 04-plane on the right part is 04° (the 
04-plane of 5'O-type with a single D4-brane stuck on it, no D4-brane charge, non-trivial 
RR U{1) holonomy). This is one possible pattern of dividing 04-plane by D6-brane. It is 
free to wrap the fivebrane even number of times on each of the y-axis and the x-axis. This 
corresponds to putting even number of D4-branes on each of the two parts. Therefore, it 
is possible to have 04~ plus 2n D4-branes on one side and 04° plus 2m D4-branes on the 
other. 

By the flux quantization condition, it is not possible to wrap odd number of fivebranes 
on the y-axis since y-axis is the Z2 fixed plane. On the other hand, it is possible to wrap 
odd number of fivebranes on the x-axis provided the y-axis at x'^'^'^ — (the Z2 fixed 
plane) is screened by at least one pair of fivebranes. We consider the minimal case 
where the fivebrane wraps twice on the y-axis and once on the x-axis. The fivebrane 
wrapped on the x-axis cannot move in the x^'^'^-directions by the Z2-invariance. The 
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pair of fivebranes wrapped on the y-axis are also frozen; if they were separated in the 
x^'^'^-directions a ^-configuration would appear. Thus, the left and the right parts both 
correspond to 04-plane of -S'p-type, but one is 04+ (trivial RR C/(l) holonomy) and the 
other is 04^ (non-trivial RR C/(l) holonomy). This is another pattern of dividing 04- 
plane by D6-brane. It is possible to add even number of fivebranes on both sides. Namely, 
it is also possible to have 04+ plus 2n D4-branes on one side and 04 plus 2m D4-branes 
on the other. 

04~ 04^ 04+ 0'4+ 

X X 

D6 D6 



Figure 3: D6-brane Dividing 04-plane 

Are these the only possibilities? By the action of Z2 (7.1) on the Taub-NUT space, RR 
U (1) gauge field must be trivial on one side and non-trivial on the other. This corresponds 
to the fact that the D6-brane is a magnetic monopole for the RR C/(l) gauge field Af^, 
and the side with non-trivial holonomy corresponds to the Dirac string in the following 
sence. Let us consider a small circle in the x^'^'^-space encirchng the 04-plane in one side 
(say < 0) and move it to the other side {x^ > 0). Then the circle sweeps out a cylinder 
that is a part of a two-sphere surrounding the D6-brane at x^'^'^ = 0. If the integral of 
Af^ along the circle is zero at the starting point, it increases as the cicrle moves from 
a;^ < to > and finaly becomes 27r since the D6-brane carries a unit magnetic charge. 
Therefore, the integral along the half-circle (which is a closed circle in the Z2 quotient) 
changes from to tt as it moves from one side to the other. 

This exclude many possibihties such as 04~-D6-04+. The remaining cases to consider 
are 04~-D6-04^, and 04+-D6-04'^. In the first case, a single fivebrane wraps on the x- 
axis and it intersects transversely with the bare Z2 fixed plane, which is impossible by the 
consistency condition. The second case may apparently be realized by a pair of fivebranes 
screening the y-axis at x^'^'^ = 0. However, since there is nothing wrapped on the x-axis, 
the pair of fivebranes can freely be separated in the x^'^'^-directions. Therefore it is more 
natural to consider the configuration as 04~ plus two D4-branes on the left side and 
04° on the right side. This is also what is expected: SO and Sp type 04-planes are 
distinguished by sign of the RP^ diagram of the fundamental string, but it remains the 
same as RP^ moves from one side to the other since D6-brane has no charge under the 
NS two- form potential B^^. 
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Thus, we conclude that only 04~-D6-04° and 04+-D6-04 as depicted in Figure 3 
(plus even number of D4-branes on both sides) are the allowed patterns of dividing an 

04- plane by a single D6-brane. 

05- D7 System 

Here we digress for mentioning the implication of this on the system of 05-plane and 
D7-branes in Type IIB string theory. We compactify the x^-direction as in section 6.4 in 
the presence of a single D6-brane at x^'^'^ = 0. The Z2 fixed plane at = is divided 
into two parts by the D6-brane while the one at = tt is not. Let us place 04~ for the 
part <0 oi the fixed plane at = and 04° for the other part > 0. We put 04 ~ at 
the x^ — TT fixed plane. After T-duality, the D6-brane becomes D7-brane wrapped on the 
dual torus, and the Z2 acts on the space-time as the sign flip of the coordinates x^''^'^'^. 
The part with < of the Z2 fixed plane x^'^'*'^ = becomes 05-plane of SO-type 
whereas the part > becomes 05-plane of S'O-type with a single D5-brane stuck on 
it. From what we have learned in section 6.4, we see that the value of the RR scalar 9b 
is zero on the < side while it is 6b — 7^ on the other side > 0. This is always true 
as far as we start with a single D6-brane, no matter which type of 04-planes we choose. 
That the value of varies around the D7-brane is a familiar fact [41] which follows from 
the fact that the D7-brane is magnetically charged under the RR scalar. Since the Z2 
flips the sign of 9b, only 9b = or 9b = tt are allowed on the orientifold fixed plane and 
both in fact appears at the same time. 

Splitting D6-branes in 04-plane 

It is interesting to consider the following question in Type IIA string theory. Suppose 
there is an 04-plane of some kind at ^^'^'^'^'^ = and a pair of D6-branes atv := x'^+ix^ — 
±m, x^ — 0. The question is what happens when we make the D6-branes approach each 
other m — > 0, and then separate in the x^ direction. The answer would of course depend 

04 « 04 

X • X 

D6 D6 

Figure 4: The Question 
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on the type of the starting 04-plane. We consider the four basic cases: 04 , 04°, 04+ 
and 04^. 

We begin with the case where the starting 04-plane is 04~. The starting configuration 
is reahzed as M theory on orbifold x [K x R^)/Z2 where K is the Taub-NUT space 
described by yx = v"^ — m^ and the Z2 action is given by (?/, x, v, x'^'^'^) {y, x, —v, x'^'^'^). 
If we send m ^ 0, the Taub-NUT space K develops the Ai singularity yx = v^. Splitting 
the sixbranes in the x^ direction corresponds to resolving the singularity. This is described 
by two coordinate systems {yi,Xi) and (1/2,3^2) (see section 4) which are related to each 
other and to y,x,v hj y = yi = 1/2^2, x = yix\ = X2, v = yiXi = y2X2, xiy2 = 1. There is 
a CP^ cycle defined by yi = X2 = 0. The Z2 action is given by {yi,Xi) — > {yi, —Xi) and 
(1/2, 2:2) — ^ {—y2,X2)- Thus, the Z2 group acts on the CP^ cycle as the 7r-rotation around 
the left D6-brane (at yi — xi — 0) and the right D6-brane (at y2 — X2 — 0). According to 
the proposal, the region sandwiched between the two D6-branes corresponds to 04°-plane 
in the weakly coupled Type IIA limit. 

We next consider the case where the starting 04-plane is 04*^. The starting configu- 
ration is M theory on R"' x [K x R'^)/Z2 where the Z2 action on K is now {y,x,v) 
{—y, —X, —v). After splitting the D6-branes in the x^ direction, K becomes the resolved 
Ai Taub-NUT space described in the same way as above, but the Z2 acts on the coor- 
dinates as {yi,Xi) {—yi,Xi) and (1/2, 2:2) — ^ {1/2,— X2)- In particular, the CP"*^ cycle 
is point-wisely Z2 fixed. This is the situation which we have encountered in the brane 
reahzation of 5'0(odd) gauge theories. What happened there is that a pair of fivebranes 
wrapped on the CP^ cycle are created. In the weakly coupled Type IIA limit, the region 
stretched between the D6-branes simply becomes the 04~-plane with two D4-branes. 

We turn to the case where the starting 04-plane is 04^. The M theory geometry is 
the same as in the 04° case. The starting configuration in the present case includes a 
single fivebrane wrapped on the Z2 invariant cylinder at w = 0, x^'*'^ = 0. After splitting 
the D6-branes in the x^-direction, the fivebrane splits to two components wrapping the 
two semi-infinite cigars. These intersect transversely with the Z2 fixed plane {— the CP^ 
cycle at x'^'^'^ — 0) at different points. In order to avoid a ^-configuration, one pair of 
fivebranes must wrap on the CP^ cycle at x'^'^'^ = to screen the Z2 fixed plane. A pair 
of fivebranes stuck by some force at the Z2 fixed plane is nothing but the 04+-plane. 

We finally consider the case where the starting 04-plane is 04"*". Since we do not 
currently know the realization of infinite 04"*", we use the finite one. In particular, we use 
the finite 04"*" ending on two D6-branes which appeared in the final configuration of the 
previous case. Sending the D6-branes far apart in the x^-directions we obatin an almost 
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infinite but actually finite 04+-plane. Now let us bring a new pair of D6-branes near the 
center of this long but finite 04''"-plane, let them approach each other, and split them in 
the x^-directions. In M theory geometry, the long CP^ cycle sphts to two disjoint CP^'s 
(let us call Cl and Cr) and a new CP^ in the middle intersecting with Cl and Cr appears 
(call it Cm)- The Z2 acts trivially on Cl and Cr, but as 7r-rotation on Cm as well as on 
the two semi-infinite cigars (one on the left of Cl one on the right of Cr). The fivebrane 
wraps twice on each of Cl and Cr and once on each of the semi-infinite cigars. The flux 
quantization condition is satisfied near Cl and Cr if a single fivebrane wraps on the CP^ 
cycle Cm in the middle. This Cm, on which Z2 acts as 7r-rotation, corresponds to 04 in 
the weakly coupled Type IIA limit. 

04" 04^ 04" 04^ 04~+2D4 04^ 
X X ^ 

(T4+ 04+ (T4+ 04+ 0'4+ 04+ 

X X X X 

Figure 5: The Answer 

To summarize, we show in Figure 5 the answer to the question. We see that the answer 
for 04° case is simply the answer for 04~ plus a single D4-brane. Also, the answer for 
Sp type 04-plane is again 5'p-type 04-plane irrespective of the type of it. 

7.2 04-NS5 System Revisited 

Let us next study the system of an 04-planc intersecting with a single NS5-brane. 
As D6-brane, NS5-brane divides the 04-plane into two parts. We are interested in what 
combination of the types of 04-plane is possible. 

First of all, since NS5-brane does not carry electric nor magnetic charge for the RR 
one-form, the RR Wilson line should be the same on the two parts. This exclude some 
possibilities such as 04~-NS-04°. 

Next, it is not possible to have the same type of 04-plane on the two sides. This 
follows from the fact that the NS5-brane has a unit magnetic charge under the NS two- 
form potential S^^. The sign of RP^ diagram of fundamental string flips as RP^ moves 
from one side to the other (this argument was first given in [25]). This can also be shown 
by using the consistency condition for fivebrane and M theory realization of 04-planes 
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as follows. 

• In the case of 04° and 04^, it follows trivially from their M theory realization. They 
are reahzed in the eleven-dimensional space-time x (R^ x S^)/Z2 where Z2 acts as 
the sign flip of R^ and as 7r-rotation of . As usual, we coordinatize the first R^ factor 
by the second R^ (on which Z2 acts) by x^'5'7>8,9 gi ^10 = ^10 ^ 377. If 
we want a single NS5-brane at x^'^'^'^ = spanning the worldvolume in the 
directions, we must put a single M theory fivebrane at x^'^'^'^ = and at a single point in 
the 5'^-direction. This is impossible since the Z2 acts freely on 5"^ and a single fivebrane 
at = xl*^ is accompanied by its mirror image at x^^ — -I-tt and the fivebrane always 
doubles. 

• In the case of 04~, it is realized by M theory on R^ x R^/Z2 x 5"^ and the intersection 
with the NS5-brane is forbidden in order to avoid a ^-configuration as seen in section 3. 

• Finally let us consider the case of 04+. Since we do not know the realization of an 
infinite 04"*", we consider the problem for the finite one. Namely, we consider a single NS5- 
brane intersecting with the 04"'"-plane in the bottom- left configuration of Figure 5. In 
the corresponding M theory configuration, the NS5-brane is realized as a single fivebrane 
intersecting transversely with the Z2 fixed CP^-cycle. However, there are already two 
fivebranes intersecting with this CP^ and therefore it causes an inconsistency; odd number 
of fivebranes intersecting with a compact Z2 fixed plane. 

The remaining possibilities are 04~-NS-04+ and 04°-NS-04^, and these are actually 
possible as we now construct. Let us introduce complex coordinates t — e"^"/^"*^^" and 
V = x'^ + ix^ of the a;4,5,6,io T^Q^^i of the space-time R^ x R^ x where R is the radius of the 
circle in the eleventh direction. Actually, we have already constructed 04~-NS-04"'" 
in section 3. It is given by the weakly coupled Type IIA limit R <^ in of the fivebrane 
wrapped on the holomorphic curve 

tv' = ij, x'''''^0, (7.3) 

in a space-time R^ x R^/Z2 x 5*^ where we set the unit of length in the x^'^ directions 
by the string length igt. Indeed, as i? -C in the fivebrane in the region x^ < —igt goes 
away to infinity \v\ ^ igt, while in the region x^ > igt it shrinks \v\ <C igt and wraps 
twice on the Z2 fixed plane. The x^ < —igt part of the Z2 fixed plane is identified as 
the 04~-plane and the other part x^ > 1st is naturally identified with 04+-plane since 
the fivebrane wraps twice and it cannot be deformed away from the fixed plane without 
cost of energy. The other one, 04°-NS-04^, can be realized as the R <C ^11 limit of the 
fivebrane wrapped on the holomorphic curve 

tv^lsu a;^'''' = 0, (7.4) 
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in a space-time x (R^ x S^)/7a2- (Note that this is invariant under v ^ —v, t ^ —t 
{x^^ — > x^° + 7r).) As we take the hmit R <^ In, the fivebrane in the region x^ < —£st goes 
away to infinity \v\ ist, while in the region x^ > £st it shrinks \v\ <^ ist and wraps once 
on the Z2-invariant cyhnder on which Z2 acts as 7r-rotation. Thus, the x^ < —igt part of 
Z2 fixed plane is identified as the 04°-plane and the other part x^ > 1st is identified as 
the 04^-plane. 

7.3 Brane Creation 

It is interesting to see what happens when an NS5-brane passes through a D6-brane 
in the presence of an 04-plane. 

In the absence of an 04-plane, a D4-brane stretched between them is created after such 
a process [42] . In addition to the charge conservation [42] , there are several arguments to 
support this. One direct argument is to use the M theory reahzation of Type IIA branes 
[43,44]. We apply it to the case with 04-plane by using its M theory realization which 
we have studied above. 

Let us consider the Taub-NUT geometry corresponding to a single D6-brane at x^'^'^ = 
0. As mentioned in the previous subsection, the complex structure of this space is de- 
scribed hj yx — V. The complex coordinates y, x and v, are related to the real coordinates 
^4,5,6,10 |-,y ^ _ ^4 _|_ ^^5 

y = e-^'/^-^^" + (a;6)2-x6, (7.5) 

X = e"'/^+"'" + (a;6)2 + a;6 ^. (7.6) 

Let us consider the fivebrane wrapped on the curve parametrized by ( 

y^+'x- = C (7.7) 

The equation is equivalent with = C and also with = (x when x 0. We note 
also that the equation (7.7) implies 

\vr^^\v\^ + (^-x^ = Ce"'/^. (7.8) 

We will see how the fivebrane configuration looks like in the hmit R <^ in. 

We first consider the case without 04-plane. 
(i) We first take the limit 

C^oo, R^iu, holding e'^^^C^l, (7.9) 
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for some fixed positive 1st- The right hand side of (7.8) is q^^^-^^)/^ and it diverges 
for > —L but decays to zero for x^ < —L (here and in what follows, we take L as the 
unit of length in the x^-direction and neglect the error of order £st)- Therefore, after the 
limit the fivebrane is at = for < —L but blows up to = oo at = — L. Prom 
the equation yv"' — we see that the fivebrane wraps n-times on the region x^ < —L of 
the y-axis {v — 0,x^ < 0). This corresponds to a configuration of D6-brane at x^'^'^ — 
spanning x^'^'^'^'"^'^'^, NS5-brane at x^ — —L, x"^'^'^ — spanning and n D4-branes 

at x^'5''''>8,9 _ spanning x^'^''^'^ and x^ < —L. Namely the NS5-brane is on the left of 
the D6-brane and n D4-branes are ending on the NS5-brane from the left. 

(ii) We next take the limit 

C^O, R^ln, holding e^^^C^l, (7.10) 

for some fixed positive L ^ igf The right hand side of (7.8) is and it diverges 

for > L but decays to zero for < L. Therefore, after the limit the fivebrane is 
at f = for x^ < L but blows up to w = oo at = L. From the equation (7.7), 
we see that the fivebrane wraps n-times on the y-axis and (n + l)-times on the region 
< x^ < L of the X-axis {v = 0,x^ > 0). This corresponds to a configuration of D6-brane 
at x^'^'^ = 0, NS5-brane at x^ = L, x"^'^'^ = and several D4-branes at x^'^'"^'^'^ = 0; there 
are n D4-branes spanning and x^ < and (n + 1) D4-branes spanning and 

< x^ < L. Namely, NS5-brane has moved to the right of the D6-brane, and there are n 
D4-branes on the left of the D6-brane as well as (n + 1) D4-branes between the D6 and 
NS5-branes. We see that a single D4-brane is created when the NS5-brane moves from 
x^ — —L to x^ — L passing through the D6-brane at x^ — 0. 

We next include the 04-plane. 

(1) We consider the orbifold by the Z2 action 

y -y, X ^ X, V -* -V, and x'^'^'^ -x'^'^'^. (7-11) 

Then, the Z2 fixes the x-axis at x"^'^'^ — point-wisely but acts on the y-axis at x"^'^'^ — 
by TT-rotation of the circle in the eleventh direction. The equation (7.7) is Z2-invariant 
only if n is odd. We only consider n — 1 case which is actually the essential case. 

(1-n) We first consider the limit (7.10). After the hmit, the fivebrane wraps once on the 
y-axis, wraps twice on the region < < L of the x-axis, and then blows up at x^ — L. 
Thus, we have NS5-brane a,t x^ — L on the right of the D6-brane at x^ — 0. According 
to our identification of 04-plane, we have 04 for x^ < (on the left of the D6-brane), 
04+ for < < L (between D6 and NS5-branes), and 04~ for x^ > (on the right of 
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NS5-brane). 

(1-i) We next consider the limit (7.9). After the hmit, the fivebrane wraps once on the 
region < —L of the y-axis and then blows up at x^ — —L. Thus, the NS5-brane has 
moved to x^ — —L. According to the identification, we have 04 for x^ < -L, 04° 
for —L < x^ < and 04" for < x^. Namely, as the NS5-brane passes through the 
D6-brane, the 04+-plane between them has turned into 04°-plane — 04~-plane with a 
single D4-brane stuck on it. 

We next consider the Z2 action 

y ^ y, X ^ -X, V -V, and x'^'^'^ -x'^'^'^. (7-12) 

Then, the Z2 fixes the y-axis at x"^'^'^ — point-wisely but acts on the x-axis at x"^'^'^ — 
by TT-rotation of the circle in the elventh direction. The equation (7.7) is Z2-invariant 
only if n is even. We consider (2) n = and (3) n = 2 cases. 

(2) For n = 0, the fivebrane intersects transversely with the Z2-fixed plane (the y-axis) 
since the equation (7.7) is y = Thus, it is a t-configuration by itself. In order to avoid 
the inconsistency, we introduce another fivebrane wrapped twice on the y-axis. 

(2-ii) In the limit ( (7.10), the fivebrane wraps twice on the y-axis and once on 
the region < < L of the x-axis, and then blows up at = L. Thus, we have an 
NS5-brane at = L on the right of the D6-brane at x^ = 0. The 04-plane is 04"*" for 
x^ < 0, 04^ for < x^ < L, and 04° for x^ > L. 

(2-i) In the limit ^ 00 (7.9), the fivebrane wraps twice on the region x^ < —L of the 
y-axis and then blows up at x^ = —L. The NS5-brane has moved to x^ = —L and we 
have 04+ for x^ < -L, 04" with two D4-brane for -L < x^ < and 04° for < x^. 
Namely, as the NS5-brane passes through the D6-brane, the 04 -plane between them has 
turned into 04~-plane and two D4-branes on top of it are created. 

(3) We consider n — 2 case. In this case we do not have to introduce extra fivebranes; 
the fivebrane wrapping the curve (7.7), y^x^ — C, is consistent. 

(3-i) In the limit ( ^ 00 (7.9), the fivebrane wraps twice on the region x^ < —L of the 
y-axis and then blows up at x^ — —L. Thus, we have an NS5-brane at x^ — —L on the 
left of the D6-brane. The 04-plane is 04+ for x^ < -L, 04" for -L < x^ < and 04° 
for < x^. 

(3-ii) In the limit C (7-10), the fivebrane wraps twice on the y-axis and three-times 
on the region < < L of the x-axis, and then blows up at x^ — L. The NS5-brane has 
moved to x^ — L and we have 04+-plane for x^ < and 04 -plane with two D4-branes 
for < x^ < L, and 04°-plane for x^ > L. Namely, as the NS5-brane passes through the 
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D6-brane, the 04 -plane between them has turned into 04+-plane and two D4-branes on 
top of it are created. 
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Figure 6: The Brane Creation 

We summarize what we have learned in Figure 6. The process (2) is nothing but the 
process (1) plus a single D4-branc ending on the NS5-brane from the right if we neglect 
the difference in RR U{1) gauge field. 

7.4 s-rule 

It is easy to generalize the s-rule to the case with orientifold four-plane. 

Suppose there is a D6-brane spanning a;0'i'2,3, 7,8,9 ^6 _ q ^^le previous subsection 
and an NS5-brane spanning x*^'-*^'^'^'^'^ at = L. We call it an s-configuration when there 
are more than one D4-branes spanning x'''^'^'^ and < < L stretched between D6 
and NS5-branes. S-rule says that an s-configuration is not supersymmetric. This can be 
shown by using the M theory realization of Type IIA branes as follows. We use the same 
notation as in the previous subsection for the Taub-NUT space describing the D6-brane 
at — 0. m D4-branes ending on the NS5-brane from the left can be obtained from the 
fivebrane wrapping the curve 

v^ = Cx, (7.13) 

by taking the limit (7.10). This equation, when extended to x^ < 0, is equivalent to 
^^m-i _ ^ Therefore, in the limit (7.10) the fivebrane also wrapps (m — l)-times on the 
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y-axis {v — 0,x^ < 0). Namely, there are automatically (m — 1) D4-branes on the left of 
the D6-brane. Therefore, if there is no D4-branes on the left of the D6-brane, m must be 
one (or zero). 
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Figure 7: S-configurations. 

Using a similar argument we can show that the configurations depicted in Figure 7 
are not supersymmetric. Supersymmetry is also broken if there are larger number of D4- 
branes in the middle interval. Supersymmetry is preserved if the number of D4-branes in 
the middle is smaller (and even); there are six such configurations — all of them appear 
in Figure 6. 

(a) The > part of the configuration is obtained from the Z2 orbifold of (7.13) with 
m = 4 by taking the limit C (7-10), where the Z2 acts as (7.11) fixing the x-axis. If 
we continue to < 0, we see that the fivebrane wraps three-times on the y-axis. In the 
Type IIA hmit (7.10), we see that we automatically have two D4-branes on top of the 
04+-plane on the left of the D6-brane. 

The proof showing that (b) and (c) are non-supersymmetric is similar and is not presented 
here. 

(d) The > part of the configuration (d) can be obtained from the Z2 orbifold of 
the configuration with the fivebrane wrapped on y = ( plus another fivebrane wrapped 
on the X-axis, where the Z2 acts as (7.12) fixing the y-axis. The Type IIA configuration 
arizes by taking the limit C ~^ (7.10). If we look at a; ~ 0, we see that the fivebrane 
wrapping the x-axis (defined as y = 0) and the fivebrane wrapped on y = ( intersects 
with the Z2 fixed plane — y-axis — at two different points; y = C U — 0- This is a 
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^-configuration and is inconsistent by itself. One way to make it consistent is to deform 
the two components so that they intersect at the same point. If they were deformed, 
they (or at least one of them) would no longer be holomorphicaly embedded, and the 
configuration would not be supersymmetric. Another way to make it consistent is to 
wrap another fivebrane twice on the y-axis. Then, we do not have to deform the original 
components and the supersymmetry is preserved. However, in the Type IIA limit, there 
are two D4-branes on top of 04~-plane on the left of the D6-brane. 

The argument showing that (a) and (d) break supersymmetry implies also that the 
configurations depicted in Figure 8 preserve supersymmetry. We can also see that the 
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Figure 8: Supersymmetric Configurations 

configuration (a') can be obtained by starting from the bottom-right configuration in 
Figure 6 with another D6-brane on the right and using the brane creation rule. Similarly, 
the configuration (d') can be obtained from the middle-right configuration in Figure 6 
with another D6-brane on the left, using the brane creation rule, and exchanging left and 
right. 

7.5 Type IIA Configuration for = 2 SQCD with Sp/SO Gauge Group 

In the previous subsections, we have derived the brane creation rule and s-rulc in the 
presence of orientifold four-planes of various type. It is an illustrative exercise to see 
how it works when we count the dimension of the Higgs branch of A^ = 2 theories using 
Type IIA brane configurations. Since we have already counted it correctly using the M 
theory configuration, and the Type IIA counting is actually merely a translation of it, we 
do not present it here. We only give the Type IIA configuration, leaving the counting as 
an exercise for the readers. 

The Type IIA configuration can be obtained by starting from the naive configuration 
for the theory with massive quarks, and using the rule for D6-brane separation as depicted 
in Figure 5. The same configuration arizes from the M theory fivebrane configuration 
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given in sections 4 and 5 by taking a suitable limit as in [45]. The result is depicted in 
Figure 9. There are two parallel NS5-branes (thick vertical lines) and 2Nf D6-branes 
(dashed lines) and several D4-branes (thick horizontal hne). "+" and "— " written above 
the horizontal hne stand for 5'p-type 04-plane and 5'O-type 04-plane respectively. The 
numbers below the line are the number of D4-branes in the interval. Note that, in SO{Nc) 
case, Nc and Nc + 1 appears alternately. For even Nc, the segment with label {Nc, — ) 
should be understood as 04~-plane plus Nc/2 pairs of D4-branes while the {Nc+1, — ) piece 
should be considered as 04°-plane plus Nc/2 pairs of D4-branes. The outside 04- planes 
of 5'p-type are 04+ in this case. For odd the segment with label {N^ — ) should be 
understood as 04°-plane plus {Nc — l)/2 pairs of D4-branes while the {Nc + l, — ) segment 
should be considered as 04~"-plane plus {Nf. + l)/2 pairs of D4-branes. The outside 04- 
planes of -S'p-type are 04 in this case. In Sp{Nc) case, 04+ and 04 appears alternately 
as we cross the D6-branes, and in total there are Nf + 1 04+ and Nf 04^. 
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Figure 9: Type IIA Configuration for Sp/SO N^2 SQCD 



Note Added 

After completing this work, we noticed a paper [46] which contains results substantially 
related to the present paper; a classification of Type IIB orientifold three-plane is given 
and intersection of orientifold planes and various branes is studied. The classification says 
that there are four kind of 03-planes which have trivial or non-trivial discrete torsion 
associated with the field strength of the RR two-form potential — 5'0(even)-type with 
trivial RR torsion, 5'0(odd)-type with non-trivial RR torsion, two 5'p-types with trivial 
and non-trivial RR torsion. This pattern looks similar to what we have found in this 
paper for 04-planes where the discrete torsion for RR two- form is replaced by RR C/(l) 
Wilson line. 

Whether an orientifold is of 5'O-type or 5'p-type can be distinguished by the sign of 
the fundamental string RP^ diagram. One important thing pointed out in [46] is that 



44 



this sign reflects the topology of the B field (NS-NS two-form) which can be characterized 
by the flux of the fleld strength H — dB. In an appendix given below, we show that the 
M theory realization of the four 04-planes, as proposed in the present paper, yield the 
correct flux of the H fleld, using the relation of B fleld in Type IIA string theory and the 
three-form potential C of M theory . 
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Appendix 



A The Flux of the //-Field 



In [46] , it was explicitly stated that the sign of the fundamental string RP^ diagram 
surrounding an orientifold plane (which distinguishes whether the plane is of SO or Sp 
type) reflects the topology of the B field which can be measured by the flux of the H 
fleld. In this appendix, we show that the 04° and 04^ constructed in section 6 have 
the correct if-flux. For the cases of 04~ and 04+, we uncover a subtlety and show that 
one must choose a torsion component of the G-flux to specify an M theory vacuum. We 
can compute this torsion component when the 04-plane is intersecting with D6-brane 
and show that 04~ and 04+ also have the correct if-flux. The result implies that the 
freezing of the fivebranes at the Z2 flxed plane, which is required to realize 04+ plane, is 
implemented by the non- vanishing torsion component. 

The B fleld can be obtained from the three-form potential C of M theory via integra- 
tion along the circle in the eleventh direction. In other words. 



Since the Z2 action of the double cover flips the sign of G and preserves the orientation 
of the eleventh circle S^, the Z2 action in ten dimensions flips the sign of the H fleld. 
Therefore, H does not deflne an ordinary three-form on the quotient but a three-form 
with values in the orientation bundle. The topology of the B fleld is measured by the co- 
homology class [H/ 2%] with values in the twisted integer coefficient Z° where the twisting 
is determined by the orientation bundle. In the present case, the ten-dimensional space- 
time (with the orientifold plane deleted to avoid singularity) is homotopically equivalent 
to RP^, and the relevent cohomology group is 



The orientifold plane is of -SO-type if [H/2n] is zero and it is of Sp-type if [H/2n] is 
non- zero. 

The eleven-dimensional space-time, when the locus corresponding to the 04-plane is 
deleted, is homotopically equivalent to either RP^ x (for 04~ or 04+) or (5"^ x S^)/Z2 
(for 04° or 04^) where in the latter case Z2 maps a point of to its anti-podal point 
and acts on the by 7r-rotation. These spaces are fibred over RP^ in an obvious way 
and the integration of [G/27r] along the fibre is equal to [H/27r] as in (A.l). (There is 




(A.l) 



/^■3(Rp^z'') = Z2. 



(A.2) 
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a subtlety when W4 of eleven-dimensional space-time does not vanish as we will mention 
shortly.) 

A.l The flux of 04° and 04^ 

Let us first consider the case of (5"^ x S^)/Ti2- The four-th cohomology group of this 
space with integer coefficient twisted by the orientation bundle is 

X 5i)/Z2,Z°) ^ Z. (A.3) 

Under integration along the fibre 5*^, it is mapped to iJ'^(RP'^, 7j°) = Z2 as mod 2 
reduction, i.e. even elements are mapped to zero and odd elements are mapped to the 
non-zero element. The submanifold S encountered in section 6.2. (in a sense, the at a 
point in 8^/7^2) determines a generator of the homology group H4^{{S^ x S^)/722^ Z°) and 
integration over this twisted cycle maps the group (A.3) isomorphically onto Z. Now, in 
the case of 04°, since there is no flux of G along 5, the cohomology class [G/2tx] vanishes. 
Then, the integration along is of course zero and therefore [-f^/27r] = 0. Thus, 04° is 
of (S'O-type. In the case of 04^, the flux of G/It: along 5 is 1 since the flux is two in 
the double cover as we have seen in section 6.2. Therefore, [G/27r] is a generator of (A.3) 
and integrates over S"" to the non-zero element of //^(RP^, Z°) ^ Z2, [H/2ti] ^ 0. Thus, 
04^ is indeed of S'p-type. What has been said is not modifled in either case when even 
number of flvebranes are added (in the double cover) since [G/2t:\ gets shifted only by an 
even element of (A.3) which has no effect after the integration along S^. 

A.2 The Flux of 04" and 04+ 

Let us next consider the case of RP^ x S^. The four-th cohomology group with 
coefficient twisted by the orientation bundle is 

//^(RP^ X Z^) ^ Z e Z2. (A.4) 

For a suitable decomposition of (A.4), the integration along the flbre S*^ maps the Z factor 
of (A.4) to zero and the Z2 factor isomorphically to H^iYlV^, TP) = Z2. Integration over 
RP'^ at a point of (which is a twisted four-cycle) maps the Z factor isomorphically to 
Z and the Z2 factor to zero. 

A Subtle Problem and A Proposal of Resolution 

When we try to use the formula [H/27r] — Jsi [G/27r] to measure the if-flux of 04~ and 
04+, we run into a problem that G/27r does not deflne a cohomology class in if^(RP^ x 
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S^,7i°)] because of the flux quantization condition (1.1) and the fact that W4 7^ 0, G/tt 
deflnes an odd element of if^(RP^ x S'^,Z'^) which is not divisible by two. However, 
if there is a class c in i7^(RP^ x S^,Tf) which reduces modulo 2 to Wi, then by the 
flux quantization condition [G/tt] — c is an even element of if^(RP^ x S^, TP) which is 
divisible by two. Such a class c must satisfy some kind of locality and desirably be some 
characteristic class of the (s)pin manifold. Generically, there is no such characteristic 
class. ^ However, when the structure group of the tangent bundle is reducible to 0(4), 
there is such a characteristic class c; it is the twisted Euler class c — x- Usually Euler 
class is deflned for oriented vector bundle, as the local expression (in the case of rank 
4) X = ■^^e'^^'^^ Rij A Rki requires the choice of "epsilon tensor" which is globally deflned 
only when the bundle is orientable. When the vector bundle is not orientable, the same 
expression makes sense not as an ordinary differential form but as a differential form with 
values in the orientation bundle. With more care, one can see that it actually deflnes a 
cohomology class with the twisted integer coefficient and reduces modulo 2 to W4 as 
the ordinary Euler class of oriented bundles.^ Now, since the structure group of RP'' x 
(or of R^ X (R^ — 0)/Z2 x S^) is reducible to 0(4), [G/tt] — x is an even element of 
H'^illP'^ X 5*^, Z'') and is divisible by two. So, we propose that an M theory vacuum is 
specified by the choice of a class [G/2n] e H\KP* x S\ TP) such that 

[G/7r]=x + 2[G/27r], (A.5) 

and that the if- flux is obtained by [i?/27r] = /5i[G'/27r]. 

What is [G/27r] for 04~ and 04+? The non-torsion part of it can be determined by 
the knowledge of [G/tt] and x but the relevant information for computing [i?/27r] is in the 
torsion part. The torsion part is not "visible" via [G/tt] and is an extra information which 
we must specify to determine a vacuum. We recall here that we have not understood the 
mechanism of freezing the two flvebranes at the Z2-flxed plane to realize the inflnite 04+- 
plane, and we have not said what actually distinguishes it from the M theory realization 
of the 04~-plane with two movable D4-branes on top of it. A most probable solution 
to the latter problem would be that they are distinguished by the torsion compoenent of 

^Namely, Ii'^(BPin{po),Ti"^) = where Z*"! is the twisted integer coefficient where the twisting is 

determined by the canonical unorientable line bundle. This is in contrast with the case of the untwisted 
coefficient where there is a "spin Pontryagin class" Qi € -ff^(i?(S')pin(cx)), Z) (with 2Q\ = -px) which 
reduces modulo 2 to W4. 

^In fact, H'^{BPin{n), Z^'^) is zero for n > 4 and is Z generated by x for n = 4. 
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The Measurement 

Actually, we can compute the torsion component of [G/Stt] when the 04- plane in 
question ends on a D6-brane and continues to other kind of 04-plane. Consider the 
configuration considered in section 7.1. which realize the 04~-D6-04° or 04+-D6-04^ 
systems (note that this is one way to realize 04+-plane where we can explain the freezing 
of the fivebrane at the Z2 fixed plane). The space-time is times a seven-manifold which 
is the Taub-NUT space yx = v times = {x^'®'^} divided by the Z2 action y ^ y,x —>■ 
—X, V —V and x'^'^'^ — x'^'®'^. In the far left, \y\ large, it looks as R^ x R^/Z2 x (and 
corresponds to 04^ or 04"'") whereas in the far right, \x\ large, it looks as R^ x (R^ X(S'^)/Z2 
(and corresponds to 04" ot 04^). We focus on the non-trivial seven-manifold piece and 
delete the locus {v = 0, ,x'^'^'^ = 0} corresponding to the 04-planes. There are three vector 
fields d/dy,d/dy and xd/dx + xd/dx + x'^d/dx'^ + x^d/dx^ + x^d/dx^ which are well- 
defined in the Z2 quotient and everywhere linearly independent. Therefore the structure 
group of the tangent bundle is reducible to 0(4). Thus, one can define the twisted Euler 
class X si'iid we must choose [G/2n] to specify a background. For a large constant a, the 
slice with \y\ = a is homotopically equivalent to RP^ x while the slice with |a:| = a 
is homotopic to (5"^ x S'^)/Z2. The class [G/27i], when restricted to these slices, defines 
cohomology classes with the coefficient Z° of these spaces. The torsion component of 
[G/27r] for the semi-infinite 04^ or 04+ can be measured by evaluating it over the cycle 
RP^ x in the slice \y\ = a. (This cycle is an untwisted cycle but the integral of [G/27t] 
on it is well-defiend as a mod 2 integer.) There is actually a homotopy connecting this 
cycle and the cycle {S^ x S^)/7a2 in the shce |a;| = a,^ and therefore the flux in question 
is measured by integrating [G/27r] over (5^ x S^)/7j2- Since of (R^ x S^)/7i2 is zero, 
X is even on [S'^ x S^)/7i2 and thus we may replace [(5/27r] by [G/27r] on this side. Now, 
let us consider the 04~-D6-04° system. Since [G/2t^\ — for 04°, using the homotopy, 
we see that the integral of [G/2t^\ over RP^ x is zero. Namely, [G/2t^\ for 04" has 
no torsion component in the decomposition (A. 4). Next, we consider the 04"'"-D6-04^ 
system. Since Jgi[G/2T^\ is non-zero for 04^ as we have seen above, the integral over 
{S^ X S^)/7i2 is non-zero, and therefore the integral of [G/2t:\ over RP^ x is non-zero. 
Namely, [G'/27r] for 04"^" has the non-zero torsion component in (A. 4). 

To summarize, the Z2 component of [G/2ti] in the decomposition (A. 4) is zero for the 
semi-infinite 04~ but non-zero for the semi-infinite 04"*". In either case, this is also true 
when even number of D4-branes are added. Thus, 04~ is of -SO-type while 04"'" is of 
5'p-type as far as they are obtained by sending the D6-brane to the right infinity. 

^For example, \y\^ + \x\'^ + \x^'^f = + 0^ and = 0, with |x| < a for some < /3 < a. 
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The Torsion and the Freezing of Fivebranes 

One of the interesting fact uncovered through this discussion is that the freezing of a 
pair of fivebranes at the Z2 fixed plane (with topology x S^) is correlated with the 
Z2 torsion component of [G/27r] in the decomposition (A. 4). We still do not understand 
the freezing mechanism when the 04+-plane is infinite. However, in the case considered 
above where 04+ is semi-infinite, the Z2 fixed plane is intersecting with a single fivebrane, 
and the question of freezing is traced back to the consistency condition studied in section 
2 starting with the flux quantization condition (1.1). In this way we can explain why the 
freezing is correlated with the non- vanishing Z2 torsion of [G/27r]. 

As mentioned in section 6, such a mysterious freezing has been observed for an 06- 
plane [8] as frozen D4 singularity and for an 07-plane [31] as frozen Dg singularity. In 
the latter case, correlation of the freezing and the fiux of a S-field has been pointed out. 
A generahzation of this has been discussed in [47, 48] . 
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